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ABSTRACT
T h i s  d i s s e r t a t i o n  c o n s i d e r s  c o m p o s i t i o n  o f  b i n a r y  
q u a d r a t i c  f o r m s  o v e r  i n t e g r a l  d o m a i n s .  The tw o  p r i n c i p a l  
c l a s s i c a l  d e f i n i t i o n s  o f  c o m p o s i t i o n  o f  f o r m s  w i t h  
c o e f f i c i e n t s  i n  Z ( t h e  r i n g  o f  i n t e g e r s )  a r e  t h a t  o f  G au ss  
u s i n g  b i l i n e a r  s u b s t i t u t i o n s  a n d  t h a t  o f  D i r i c h l e t - D e d e k i n d  
u s i n g  " u n i t e d  f o r m s " .  Our  p r i m a r y  o b j e c t  i s  t h e  
i n v e s t i g a t i o n  o f  t h e s e  d e f i n i t i o n s  an d  t h e  i n t e r p l a y  b e t w e e n  
t h e m .
I n  C h a p t e r  I ,  t h e  G a u s s i a n  c o n c e p t  o f  c o m p o s i t i o n  i s  
e x t e n d e d  t o  B e z o u t  d o m a in s  w i t h  many r e s u l t s  b e i n g  t r u e  f o r  
m ore  g e n e r a l  d o m a i n s .  One o f  t h e  m a in  r e s u l t s  i s  t h a t  a 
d i r e c t  compound o f  tw o  f o r m s  i s  u n i q u e  up t o  an e q u i v a l e n c e  
c l a s s  o f  f o r m s .  I t  f o l l o w s  t h a t  c l a s s e s  o f  p r i m i t i v e  f o r m s  
a r e  a g r o u p  u n d e r  c o m p o s i t i o n  when t h e  c o e f f i c i e n t s  o f  t h e  
f o r m s  a r e  f r o m  a B e z o u t  d o m a i n .  T h r o u g h o u t  t h i s  d i s s e r t a t i o n  
o u r  p r i m a r y  c o n c e r n  was p r i m i t i v e  f o r m s  w i t h  a f i x e d  
n o n s q u a r e  d i s c r i m i n a n t  o v e r  a  d o m a in  w i t h  c h a r a c t e r i s t i c  n o t  
tw o  an d  o f t e n  we r e q u i r e  t h e  m i d d l e  c o e f f i c i e n t s  o f  t h e  
f o r m s  t o  b e  c o n g r u e n t  m o d u lo  t w o .  H ow ever ,  many o f  o u r  
r e s u l t s  a r e  o f  a m ore  g e n e r a l  n a t u r e  an d  p a r t i c u l a r l y  i s  t h i s  
t r u e  f o r  C h a p t e r  I .
The r e l a t i o n s h i p  o f  " u n i t e d  f o r m "  c o m p o s i t i o n  t o  
G a u s s i a n  c o m p o s i t i o n  i s  i n v e s t i g a t e d  i n  C h a p t e r  I I .  A l t h o u g h  
" u n i t e d  f o rm "  c o m p o s i t i o n  i m p l i e s  G a u s s i a n  c o m p o s i t i o n *  t h e  
c o n v e r s e  i s  n o t  known.  However* we show s e v e r a l  s t a t e m e n t s  
a r e  e q u i v a l e n t  t o  " u n i t e d  fo rm "  c o m p o s i t i o n  h o l d i n g  i n  a 
dom ain  w h e r e  c o m p o s i t i o n  h o l d s  i n  t h e  G a u s s i a n  s e n s e .
I n  t h e  t h i r d  c h a p t e r *  i t  i s  shown t h a t  e l e m e n t a r y  
d i v i s o r  d o m a i n s  h a v e  " u n i t e d  fo rm "  c o m p o s i t i o n .  T h e r e  a r e  
some f u r t h e r  n e c e s s a r y  a n d  s u f f i c i e n t  c o n d i t i o n s  g i v e n  f o r  
" u n i t e d  f o r m "  c o m p o s i t i o n  t o  h o l d  i n  a B e z o u t  d o m a in .  E i g h t  
n o n t r i v i a l  e x a m p l e s  o f  e l e m e n t a r y  d i v i s o r  d o m a in s  (EDDs) 
a r e  g i v e n ;  i n  f a c t  a l l  t h e  B e z o u t  d o m a in s  we know a r e  EDDs.
The l a s t  c h a p t e r  i s  a  s t u d y  o f  c o m p o s i t i o n  i n  d o m a in s  
t h a t  m i g h t  n o t  b e  B e z o u t . We i n v e s t i g a t e  when l o c a l  
i n f o r m a t i o n  y i e l d s  g l o b a l  i n f o r m a t i o n  ( i . e . *  when Dp f o r  
P a p r i m e  i d e a l  i n  t h e  dom ain  D y i e l d s  i n f o r m a t i o n  a b o u t  
D i t s e l f )  w i t h  r e s p e c t  t o  c o m p o s i t i o n .  One o f  o u r  m a in  
r e s u l t s  i s  t h a t  D[x]*  w h e r e  D i s  a PID* i s  a dom ain  
h a v i n g  G a u s s i a n  c o m p o s i t i o n .  The p r o o f  i s  g i v e n  i n  t e r m s  
o f  a dom ain  h a v i n g  t h e  p r o p e r t y  t h a t  f i n i t e l y  g e n e r a t e d  
p r o j e c t i v e  m o d u l e s  a r e  f r e e .  We a l s o  l o o k  a t  d o m a in s  h a v i n g  
t h e  p r o p e r t y  t h a t  e a c h  n o n z e r o  e l e m e n t  i s  c o n t a i n e d  i n  a t  
m o s t  a f i n i t e  n um ber  o f  m a x im a l  i d e a l s .
v
INTRODUCTION
L e t  D b e  an i n t e g r a l  dom ain  ( i . e . ,  a c o m m u t a t i v e  
r i n g  w i t h o u t  p r o p e r  d i v i s o r s  o f  z e r o )  w i t h  m u l t i p l i c a t i v e  
i d e n t i t y ,  q u o t i e n t  f i e l d  K, a n d  c h a r a c t e r i s t i c  n o t  2 .  I f
x l * ^ l  a r e  ^ d e t e r m i n a n t s  o v e r  D, t h e  p o l y n o m i a l
2 2a x ^  + b x ^ ^  + cy-^ e D f x - ^ y ^ ]  i s  c a l l e d  a  b i n a r y  q u a d r a t i c
f o r m  o v e r  D an d  w i l l  b e  d e n o t e d  [ a , b , e ] .  When we u s e  t h e
t e r m  f o r m  i n  t h e  p a p e r ,  we mean a b i n a r y  q u a d r a t i c  f o r m .
We w i l l  n o t  d i s t i n g u i s h  b e t w e e n  t h e  f o r m
2 2ax-^ + tx-^y^  + c y ^  e D f x ^ y ^ ]  a n d  t h e  f o r m
p p
a x 2 + t x 2y 2 + c y 2 e D [ x 2 , y 2 ] u s i n g  t h e  same sy m b o l  [ a , b , c ]  
f o r  b o t h .
I f  f  = [ a , b , c ] ,  t h e n  t h e  m a t r i x  o f  f  i s  t h e  m a t r i x
p
a n d  t h e  d i s c r i m i n a n t  o f  f  i s  d = b - 4 a c .
2 2 I f  f 1 = a-jjXj  ^ 4- t ’qX qyj  + Cqyq i s  a  " b in a ry  q u a d r a t i c
f o r m  o v e r  D an d
I X1 ”  a l l X2 + a 1 2 y 2
(1 )  T = J
I y j  = a 21x 2 a 22*^2
i s  a  l i n e a r  t r a n s f o r m a t i o n  w i t h  c o e f f i c i e n t s  i n  an  o v e r r i n g
1
2R o f  D ( x 2 , y 2 i n d e t e r m i n a n t s  o v e r  R ) , t h e n  T t r a n s f o r m s
2 2
f-^ i n t o  a b i n a r y  q u a d r a t i c  f o r m  f 2 = a 2x 2 + l32X2'^2 + c 2^2 
o v e r  R, w h e r e
a 2 = a l a l l  + b l a l l a 21 + c l a 21
( ! ' )  t>2 = 2 a l a l l a 12  + b l ^ a l l a 22 + a 1 2 a 21^
+ 2 c 1a 21a 22
C2 ~ a l a 12  + b i a i 2 a 22 + Cl a 22
I f  d^  i s  t h e  d i s c r i m i n a n t  o f  f ^ ( i  = l , 2 )  a n d  i f  t h e
d e t e r m i n a n t  o f  T i s  d e n o t e d  | T |  ( t h e  same l e t t e r  T b e i n g
u s e d  t o  d e n o t e  t h e  t r a n s f o r m a t i o n  (1 )  a n d  t h e  m a t r i x  ( a . . )
2
o f  t h e  t r a n s f o r m a t i o n ) ,  t h e n  d 2 = | t | *d^ . I f  F^ d e n o t e s
t h e  m a t r i x  o f  f ^  ( i  = 1 , 2 ) ,  t h e n  t h e  a b o v e  r e l a t i o n s h i p  c an  
b e  e x p r e s s e d  b y  t h e  e q u a t i o n  T ' F ^  = F g , w h e r e  T '  d e n o t e s  
t h e  t r a n s p o s e  o f  T, an d  t h e  d i s c r i m i n a n t  r e l a t i o n s  f o l l o w s  
b y  t h e  m u l t i p l i c a t i o n  t h e o r e m  f o r  d e t e r m i n a n t s .
I f  t h e  t r a n s f o r m a t i o n  T i n  (1 )  h a s  c o e f f i c i e n t s  i n  D
an d  | T | = 1 ,  t h e n  t h e  f o r m s  f-^ an d  f 2 a r e  s a i d  t o  b e
e q u i v a l e n t  ( i n  s y m b o l s  f ^  ~  f 2 ) .
The  d i v i s o r  o f  a  b i n a r y  q u a d r a t i c  f o r m  f  = [ a , b , c ]  i s
t h e  i d e a l  ( a , b , c )  o f  D g e n e r a t e d  b y  t h e  c o e f f i c i e n t s  o f  f ,
an d  f  i s  s a i d  t o  b e  p r i m i t i v e  p r o v i d e d  t h e  d i v i s o r  o f  f  
i s  D .
I f  d i s  a n o n s q u a r e  d i s c r i m i n a n t  o f  D ( i . e . ,
3p
d = b  -  4 a c  f o r  a , b , c  e D an d  d i s  n o t  t h e  s q u a r e  o f  
an e l e m e n t  o f  D ) ,  t h e n  3 ( d )  w i l l  d e n o t e  t h e  s e t  o f  a l l  
b i n a r y  q u a d r a t i c  f o r m s  o v e r  D w i t h  d i s c r i m i n a n t  d .  The 
s u b s e t  o f  3 ( d )  c o n s i s t i n g  o f  t h e  p r i m i t i v e  f o r m s  w i l l  b e  
d e n o t e d  b y  0 ( d ) .  I t  i s  c l e a r  t h a t  t h e  r e l a t i o n  ~  d e f i n e d  
a b o v e  i s  an  e q u i v a l e n c e  r e l a t i o n  on 3 ( d )  a n d  on 0 ( d ) ;  
b h e  e q u i v a l e n c e  c l a s s  o f  a f o r m  f  u n d e r  ~  w i l l  b e  d e n o t e d  
f .
The tw o  p r i n c i p a l  c l a s s i c a l  d e f i n i t i o n s  o f  
c o m p o s i t i o n  o f  b i n a r y  q u a d r a t i c  f o r m s  w i t h  c o e f f i c i e n t s  i n  
Z ( t h e  r i n g  o f  i n t e g e r s )  a r e  t h a t  o f  G a u s s  u s i n g  b i l i n e a r  
s u b s t i t u t i o n s  ( s e e  [G ,  A r t s .  2 3 3 - 2 4 3 ]  a n d  [ S , 2 3 1 - 2 4 6 ] ) ,  and  
t h a t  o f  D i r i c h l e t - D e d e k i n d  u s i n g  " u n i t e d  f o r m s "  ( s e e  
[DD],  [ P , 1 1 7 1 - H 7 5 ] ) . I n v e s t i g a t i o n  o f  t h e s e  d e f i n i t i o n s  
a n d  t h e  i n t e r p l a y  b e t w e e n  th e m  o v e r  a  d om ain  D i s  t h e  
p r i m a r y  o b j e c t  o f  t h i s  p a p e r .
We c o n s i d e r  f i r s t  t h e  G a u s s i a n  c o n c e p t  o f  c o m p o s i t i o n . 
A l t h o u g h  G a u s s  was  c o n c e r n e d  w i t h  f o r m s  h a v i n g  i n t e g r a l  
c o e f f i c i e n t s ,  a c a r e f u l  r e a d i n g  o f  [ G , A r t s .  2 3 5 - 2 4 3 ]  
shows t h a t  much o f  w h a t  G a u s s  d i d  i n  c o n n e c t i o n  w i t h  
c o m p o s i t i o n  i s  v a l i d ,  w i t h  c e r t a i n  m o d i f i c a t i o n s ,  f o r  f o r m s  
w i t h  c o e f f i c i e n t s  i n  a B e z o u t  d o m a in ,  i . e . ,  a  dom ain  i n  w h i c h  
f i n i t e l y  g e n e r a t e d  i d e a l s  a r e  p r i n c i p a l .  The  p r o b l e m  o f  
c o m p o s i t i o n  o f  b i n a r y  q u a d r a t i c  f o r m s  o v e r  a  B e z o u t  dom ain  
h a s  b e e n  r e c e n t l y  c o n s i d e r e d  b y  I .  K a p l a n s k y  [KA2, 5 2 3 - 5 3 0 ]
4u s i n g  t e c h n i q u e s  c o m p l e t e l y  d i f f e r e n t  f r o m  G a u s s ;  B u t t s  an d  
E s t e s  a l s o  h a v e  r e s u l t s  b e a r i n g  o n  t h i s  q u e s t i o n  [BE, 1 7 5 ] •
I n  o r d e r  t o  m o t i v a t e  o n e  o f  t h e  d e f i n i t i o n s  o f  c o m p o s i t i o n  
w h i c h  i s  u s e d  i n  t h i s  d i s s e r t a t i o n ,  we p r e s e n t  G a u s s '  
a p p r o a c h  t o  c o m p o s i t i o n  a n d ,  a t  t h e  same t i m e ,  g i v e  a n o t h e r  
t r e a t m e n t  o f  c o m p o s i t i o n  o v e r  a  B e z o u t  d o m a in .
A t r e a t m e n t  o f  B e z o u t  d o m a in s  c a n  b e  f o u n d  i n  [B4]  
a n d  [ G I ] .  A B e z o u t  d o m ain  D w i t h  q u o t i e n t  f i e l d  K i s  
i n t e g r a l l y  c l o s e d  i n  K, i . e . ,  a  € K, a n  + c ^ a n _ . . . +  cn = 0 
w i t h  c .  e D i m p l i e s  t h a t  a  e D. F o r ,  i f  a  ( a , b e D ) ,
t h e n  ( a , b )  = ( d ) ,  a  = a ^ d ,  b = b ^ d ,  ( a ^ b - j J  = D, ( a ^ b ^ )  = D, 
= b ^  ( -c -^a^” ^ -  . . .  -  c ^ )  , a n d  b ^  i s  a  u n i t  i n  D. I t  
s h o u l d  b e  n o t e d  t h a t  B e z o u t  d o m a in s  a r e  P r u f e r  d o m a i n s .
CHAPTER I
TRANSFORMING A FORM INTO A PRODUCT OF FORMS
G a u s s  b a s e d  h i s  c o n c e p t  o f  c o m p o s i t i o n  on t h e  n o t i o n  
o f  t r a n s f o r m i n g  a f o r m  i n t o  a p r o d u c t  o f  two f o r m s  b y  a 
b i l i n e a r  t r a n s f o r m a t i o n .  Many o f  t h e  r e s u l t s  t h a t  G a u s s  
o b t a i n e d  i n  t h i s  c o n n e c t i o n  a r e  t r u e  i n  an a r b i t r a r y  dom ain  
( c h a r a c t e r i s t i c  n o t  2)  a n d  m o s t  o f  t h e  r e s t  a r e  t r u e  i n  a  
B e z o u t  d o m a i n .  I n  many c a s e s  G a u s s f o r i g i n a l  a r g u m e n t s  
r e m a i n  v a l i d ;  h o w e v e r ,  i n  c e r t a i n  c a s e s  we g i v e  a m o d i f i e d  
a r g u m e n t  i n  o r d e r  t o  o b t a i n  t h e  r e s u l t  i n  t h e  m ore  g e n e r a l  
s e t t i n g .
2 2 D e f i n i t i o n : L e t  f ^  = a ^ x ^  + b ^ x ^ y ^ + c ^ y ^  b e  a b i n a r y
q u a d r a t i c  f o r m  w i t h  c o e f f i c i e n t s  i n  a  dom ain  D an d
d i s c r i m i n a n t  d^ f o r  i  = 1 , 2 , 3 *  We s h a l l  s a y  t h a t  f ^  i s
t r a n s f o r m a b l e  i n t o  t h e  p r o d u c t  f -^ f^  ( an e l e m e n t  o f
D [ x 1 , y 1 , X g , y 2 ] ) p r o v i d e d  t h e r e  e x i s t s  a b i l i n e a r  t r a n s f o r m a t i o n
t  = l ='3 = P0 x lX 2  +  p 1x 1y 2 + p 2 y i x 2 + p 3y i y 2
|y 3 = q0*iXg + <ii*iy2 + <iBvixs + q3yiy2
w i t h  c o e f f i c i e n t s  i n  D u n d e r  w h i c h  f ^  = AS a i n  w®
w i l l  u s e  T t o  r e p r e s e n t  (2 )  a n d  a l s o  t h e  m a t r i x
5
65o p l  p 2 p 3
_qQ qx q 2 q3 _
The s i x  m i n o r  d e t e r m i n a n t s  o f  o r d e r  2 i n  T p l a y  an 
i m p o r t a n t  r o l e  i n  t h i s  d e v e l o p m e n t  an d  we d e n o t e  t h e m  b y
(3 ) Di j  = p i qd “ q i p j  (0  < i <  J  < 3 )  •
The d i v i s o r  o f  T i s  t h e  i d e a l  o f  D g e n e r a t e d  h y  t h e  
D. . and  T w i l l  b e  c a l l e d  p r i m i t i v e  i f  t h e  d i v i s o r  o f  T 
i s  D.
We n o t e  t h a t  t h e  t r a n s f o r m a t i o n  T i n  (2)  can  b e  
c o n s i d e r e d  a s  a  l i n e a r  t r a n s f o r m a t i o n
x 3 = (p ox l + p 2y l ) x 2 + (p l x l + p 3y l ) y 2
y 3 = ( q 0X i +  q 2y i ) x 2 + ( q i x i  + q 3y i ) y 2
w i t h  c o e f f i c i e n t s  i n  D f x - ^ y ^ ] ,  a n d  a l s o  a s  a l i n e a r
t r a n s f o r m a t i o n  
f
*3  = ( P o X g + P ^ g ) ^ ^  + ( p 2x 2 + p 3y 2 ) y 1
(5) T Q = l
y 3 = ( q 0x 2 +  q 1y 2 ) x 1 + ( q 2x 2 + q 3y 2 ) y 1
w i t h  c o e f f i c i e n t s  i n  D [ x 2 , y 2 ] . T h i s  a p p r o a c h  i s  u s e d  b y  
H. J .  S .  S m i th  [ S ,  2 2 9 - 2 4 6 ] .
R e m a r k ; We n o t e  t h a t  i f  f 3 an d  f 3 a r e  b o t h  t r a n s ­
f o r m e d  i n t o  ^1^2  unc*e r  same b i l i n e a r  t r a n s f o r m a t i o n  T ,
7t h e n  ~  f g  s i n c e  t h e  l i n e a r  t r a n s f o r m a t i o n  i n  (4 )  
h a s  an i n v e r s e  ( i t  f o l l o w s  f r o m  (6 ) i n  t h e  p r o o f  o f  
P r o p o s i t i o n  1 t h a t  | T ^ |  =j= 0)  i n  K(x1 , y 1 ) .
P r o p o s i t i o n  1 : L e t  f i  -  h e  a f o r m  w i t h
d i s c r i m i n a n t  d^ an d  c o e f f i c i e n t s  i n  a  domain. D h a v i n g  
q u o t i e n t  f i e l d  K ( i  = 1 , 2 , 3 ) . '  I f  f g  i s  t r a n s f o r m a b l e  i n t o  
f ]_ f2 u n d e r  T ( u s i n g  t h e  n o t a t i o n  o f  (2 )  a n d  ( 3 ) ) *  t h e n  
t h e r e  e x i s t  r p r 2 € ^  s u c h  t h a t  t h e  f o l l o w i n g  h o l d :
( a )  d 1 = d ^ r ^  f o r  i  = 1 , 2  
»
^  ( D01  = a l r 2 '  D03 " D12  = b i r 2 '  D23 = Cl r 2
jD0 2 = a 2 r l *  D0 3 + D 1 2  = b 2r l*  D13 = C2r l
/
 ^  ^ a 3 r l r 2 = q l q 2 ~ q0 q3 ’ c 3 r l r 2 = p l P 2 " P 0P3 
| b 3 r l r 2 = P 0 q3 + q0p 3 " p l q2 “ q l P 2
C o n v e r s e l y ,  i f  f ^  a n d  f 2 a r e  g i v e n  a n d  t h e r e  e x i s t  
p i * q i  e D ( i  = 1 , 2 , 3 ) ,  r ± € K ( i  = 1 , 2 )  a n d  8 3 , ^ 3 , c 3 € D 
s a t i s f y i n g  (b )  and  ( c ) ,  t h e n  [ a g , b 3 ,C g ]  i s  t r a n s f o r m a b l e  
i n t o  f ^ f 2 u n d e r  t h e  b i l i n e a r  t r a n s f o r m a t i o n  d e t e r m i n e d  b y  
t h e  ( a s  ( 2 ) )  an d  ( a )  h o l d s .
P r o o f : S i n c e  f 3 = f j f 2 u n d e r  t h e  l i n e a r  s u b s t i t u t i o n
1\  o f  (4) a n d  ( 5 ) f o r  i  = 1 , 2 , i t  f o l l o w s  ( s e e  t h e  d i s c u s s i o n
f o l l o w i n g  ( 1 ) )  t h a t
8( 6 )  d3 l Tl l 2 = f l d2 a n d  d3 l T2 | 2 = f I d l
whe-re | |  i s  t h e  d e t e r m i n a n t  o f  t h e  l i n e a r  t r a n s f o r m a t i o n  
T\ . From (4 )  a n d  (5 )  i t  i s  c l e a r  t h a t
(7 )  IT1 1 = Do i x i  + (D03 " D1 2 x^ l y l  + D23y i
(8 )  I T^I = •^02X2 + ^ 0 3  ^12^X2y 2 D1 3 y 2
Now ( a )  a n d  ( h )  f o l l o w  d i r e c t l y  b y  u s i n g  (7 )  a n d  ( 8 ) an d  
e q u a t i n g  c o e f f i c i e n t s  i n  (6 ) .  To e s t a b l i s h  ( c ) ,  c o n s i d e r  
t h e  i n v e r s e  t r a n s f o r m a t i o n  T" 1 o f  i n  ( 4 ) ,
q l x l  + q3y l  " p l x l  " p 3 y l
" q 0Xl  “ q 2y l  P 0X1 + p 2y l_
C o n s i d e r i n g  f - ^ 2  a s  a  ^ orni ^  X2 J ^ 2  c o e f f i c i e n t s
i n  D [ x ^ , y ^ ]  and  a p p l y i n g  t h e  l i n e a r  t r a n s f o r m a t i o n  
t o  f -^ fg j  we o b t a i n  f ^ . C o m p u t in g  t h e  c o e f f i c i e n t s  o f  t h e  
f o r m  o b t a i n e d  f r o m  ^ -^ 2  ^ y  a PP 1y i r , S ( s e e  ( 1 ) ) ,  and
t h e n  e q u a t i n g  t h e m  w i t h  a ^ b ^ c ^  we o b t a i n  e x p r e s s i o n s  o f  
t h e  f o l l o w i n g  t y p e :
2 2 2 , 2
(9 )  r 2a 3 f l  = ( a 2q l  " b 2q 0 q l  + c 2q0 ' x l  + Kl x l y l  + Ll y l
(10 )  r 2P3 f l  = K2X1 + C_ 2 a 2^p l q3 + ql p 3)  +
b 2 ( q i P 2 + 43P 0 + P i 9 2 + p 3 qo )  " 2c 2 ( q 0p 2'1 q 2p 0 ; xi y 1 
2
+ L2y l
, - 1
r 2f l
92 2 2 2 2( 1 1 )  r 2 c 3 f 1 = k 3x 1 + L 3x 1y 1 + ( a 2p 3 -  b ^ P g  + •
p
E q u a t i n g  t h e  c o e f f i c i e n t s  o f  x ^  i n  ( 9 ) ,  (1®) ,
2a n d  y ^  i n  ( 1 1 ) ,  an d  p e r f o r m i n g  a  r a t h e r  l o n g  c a l c u l a t i o n ,  
we o b t a i n  ( c )  f r o m  ( b ) .
The c o n v e r s e  f o l l o w s  d i r e c t l y  (by  a r a t h e r  l o n g  
c a l c u l a t i o n )  b y  a p p l y i n g  t h e  i n d i c a t e d  t r a n s f o r m a t i o n  t o  
[ a ^ b ^ c ^ ]  a n d  u s i n g  (b )  a n d  ( c ) .
p p
Lemma 2: I n  a  B e z o u t  d om ain  D, x s  y  (mod 4 )  i m p l i e s
x  ss y  (mod 2 ) .
p p
P r o o f : S i n c e  x  s  y  mod 4  i m p l i e s  t h e r e  e x i s t s  k  e D
s u c h  t h a t  x 2 -  y 2  -  4 k  = 0 , i t  f o l l o w s  t h a t  ( x - y ) / 2
2s a t i s f i e s  X + y X - k  w h e re  X i s  an i n d e t e r m i n a n t  o v e r  D. 
S i n c e  a  B e z o u t  d o m ain  i s  i n t e g r a l l y  c l o s e d ,  we h a v e  
(x -  y ) / 2  e D an d  h e n c e  x - y  = 2X f o r  some X e D.
Lemma 3 s I f  [ a , b , c ]  and  [ a ' , ! ) ' ^ ' ]  a r e  f o r m s  w i t h  e q u a l  
d i s c r i m i n a n t s  a n d  c o e f f i c i e n t s  i n  a  B e z o u t  dom ain  D, t h e n  
( t )  = ( a , b , c , a  b ' , c  ' )  a n d  (u )  = ( a , a  , c , c ' ,  ( b + b ' ) / 2 , ( b - b  *)/2) 
a r e  e q u a l .
P r o o f : I t  i s  c l e a r  t h a t  t  e ( u ) . S i n c e  t h e  f o r m s
[ a / t , b / t ,  c / t  ] a n d  [ a  7/ t , b  * / t , c ' / t  ] h a v e  t h e  same 
d i s c r i m i n a n t ,  i t  f o l l o w s  t h a t  ( b / t ) 2 s  ( b 7/ t ) 2 mod 4 and  
h e n c e  b / t  == b ' / t  mod 2 .  C o n s e q u e n t l y  (b + b ' ) / 2 =  0 mod t  
an d  u  e ( t )  .
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P r o p o s i t i o n  4 :  L e t  f \  = [ a ^ , b ^ , c ^ ]  b e  a f o r m  w i t h
d i s c r i m i n a n t  d ^ ,  d i v i s o r  (m^) = ( a ^ b ^ c ^ ) ,  an d  c o e f f i c i e n t s  
i n  a B e z o u t  d o m ain  D f o r  i  = 1 , 2 , 3 *  I f  f ^  I s t r a n s f o r m a b l e  
i n t o  u n d e r  a  " b i l i n e a r  t r a n s f o r m a t i o n  T o f  d i v i s o r  ( k ) ,
t h e n
( a )  (d^m2 , dgin^) = d ^ ( k ) 2 a n d
2(b )  m^m^lm^k a n d  m^lm-^mg ( i . e . ,
(m^) = (m-^mg) when k  = 1 ) .
P r o o f : R e c a l l i n g  t h a t  t h e  c o n t e n t  o f  a  p o l y n o m i a l  i s  t h e
i d e a l  g e n e r a t e d  b y  i t s  c o e f f i c i e n t s  a n d  t h a t  t h e  c o n t e n t  o f  
t h e  p r o d u c t  o f  tw o  p o l y n o m i a l s  i s  e q u a l  t o  t h e  p r o d u c t  o f  
t h e i r  c o n t e n t s  o v e r  a B e z o u t  d o m a in ,  we h a v e  f r o m  (6 ) -  ( 8 ) :
( 1 2 ) d^ (Dqi# '^0 3 "*' 1^ 2 , ^23   ^ = ^ 2 ^ 1  ^ a n d
( 1 3 )  d3 'D0 3 H’'D1 2 , D13  ) == d l ^ m2 ^
I t  f o l l o w s  f r o m  ( a )  and  (b )  o f  P r o p o s i t i o n  1 t h a t  t h e  f o r m s
^D0 1 ,D0 3 ” D1 2 j,D23^ a n d  t D0 2 , r )0 3 +r)1 2 ,:D1 3  ^ h a v e  t h e  same 
d i s c r i m i n a n t . A p p l y i n g  Lemma 3 an d  n o t i n g  t h a t  
2 2 2( x , y )  = (x  , y  ) i n  a  B e z o u t  d o m a in ,  we o b t a i n  ( a )  f r o m
( 1 2 ) and  ( 1 3 ) a s  f o l l o w s
(d-^n^j dgin^) = (d ^  (D q^ ,Dq3 -  2*^23   ^ *
d 3 d 03 + d 12? d 13 )
= d ^ (D 0 1 ,D 0 2 -  Di 2 j:D2 3 ,:D0 2 ,r)03  + T>1 2 ,T>13^ 2 
= d3 ( k ) 2 .
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The c o n t e n t  o f  ^2 / 2  i s  (ml m2 ) , an d  ^ y  a p p l y i n g  T 
t o  f ^  we o b t a i n  a  p o l y n o m i a l  i n  D t x - ^ y ^ X g , y 2 ] s u c h  t h a t
e a c h  c o e f f i c i e n t  i s  d i v i s i b l e  b y  . H ence  m^lm^mg. From
2 2 P
( 9 ) we h a v e  a^r 2a l  = a 2q l  "  b 2 q l q0 + c 2 q0 * a n d  s i n c e
D01  = a l r 2 '  we s e t  a 3D01 = a l ( a 2 < l l - b 2 tl i q o + c 2'3o) a n d
I 2t h e r e f o r e  m^irigl a ^ D ^ . I t  i s  e a s y  t o  show t h a t  and
L-  ^ i n  (9 )  a r e  d i v i s i b l e  b y  mg. I t  f o l l o w s  f r o m  (9 )  t h a t
ml m2 l a 3 ^ D03 “ D12^ 2 an d  mi m2 l a 3I)23 b y  t h e
2
c o e f f i c i e n t s  o f  x ^ y ^  and  y^  s u c c e s s i v e l y .  By r e p l a c i n g  
t h e  t r a n s f o r m a t i o n  b y  Tg^ i n  t h e  p r o o f  o f  P r o p o s i t i o n  1,
we o b t a i n  e q u a t i o n s  ( 9 / ) ^ ( 1 0 / ) ,  ( 1 1 / ) a n a l o g o u s  t o  ( 9 )*
( 1 0 ) ,  ( 1 1 ) i n  w h i c h  t h e  r o l e s  o f  f ^  a n d  f g  h a v e  b e e n
2
i n t e r c h a n g e d ,  an d  f r o m  { 9 ' )  we g e t  m-jfligl a ^ Q g ,  
m1 m2 | a 3 (D03  + D ^ ) 2 , an d  m ^ g ^ D ^  . By t h e  r e m a r k  a f t e r
(1 3 )  a n d  b y  Lemma 3,  we h a v e
(D0 i> (d q 3 “ Di 2 ) 2 >I)2 3 ' D0 2 J’ ^D03 + D 1 2  ^ ,D13^
g
^D0 1 ,D 03 ~ D1 2 ,D 2 3 J D0 2 ,D03 + D1 2 ,D13^ =
^ 0 1 , ^>0 2 , '^03, '^12, '^13, ^>23^ = (k )
a n d  m1m2 | a 3k 2 . S i m i l a r l y ,  u s i n g  0 ) ,  ( 1 0 ' ) ,  ( 1 1 ) ,  ( H ' ) j  
we h a v e  m-^rriglb^ 2 an d  m-jmg|c3 k 2 . H ence  nijmglm-^k2 .
C o r o l l a r y  3 : I n  P r o p o s i t i o n  4 ,  i f  = dg  = d ,  t h e n
d 3 = d i f  a n d  o n l y  i f  ( m ^ m g )  = (k )  .
Lemma 6 : L e t  x , y  b e  e l e m e n t s  o f  a  B e z o u t  dom ain  D w i t h
12
q u o t i e n t  f i e l d  K a n d  l e t  z b e  an  e l e m e n t  o f  K. I f
2
( x , y )  = D a n d  x y  = z , t h e n  z € D a n d  t h e r e  e x i s t s  a 
u n i t  u  e D s u c h  t h a t  ux a n d  u “ dy  a r e  b o t h  s q u a r e s  o f  
e l e m e n t s  o f  D.
P r o o f : S i n c e  D i s  i n t e g r a l l y  c l o s e d ,  i t  f o l l o w s  t h a t
z e D. T h e r e  e x i s t s  e e D s u c h  t h a t  ( x , z )  = ( e ) .  S i n c e
2 2 ( x , y )  = D a n d  x y  = z , i t  f o l l o w s  t h a t  e | x  i n  D. Now
P P P P( x / e ,  z / e )  = ( x / e  , z / e )  = D and  ( x / e  ) *y = z / e  i m p l i e s
y |  ( z ^ / e ^ )  a n d  ( z ^ / e ^ ) ( y .  H ence  u ""1 = z ^ / y e ^  i s  a u n i t  o f
2 — 1 2D an d  u - x  = e an d  u"  y  = ( z / e )  .
Lemma 7 : L e t  be  e l e m e n t s  o f  a B e z o u t  dom ain  D w i t h
p
q u o t i e n t  f i e l d  K ( i  = 1*2)  an d  s u p p o s e  t h a t  d-  ^ = dgS f o r
s e K. Then t h e r e  e x i s t s  d e D a n d  r ^  e K s u c h  t h a t
d ± = d r ^  ( i  = 1 , 2 , ) ,  ( d 1m | , d 2m j)  = ( d ) ,  € D'  and
m2r i  e D .
2 p 1P r o o f :  T h e r e  e x i s t s  d 7 e D s u c h  t h a t  (d-^iHg, d^m-^) = ( d )
2  2a n d  t h e r e f o r e  (d^rr ig /d7, d 2m1 / d 7) =  D. By Lemma 6 , t h e r e
2 2e x i s t  a , b  e D an d  a u n i t  u  e D s u c h  t h a t  ud-jHig/d7 = a
2 2an d  dgm-L/ u d 7 = b . S e t t i n g  d = u d 7, r ^  = a/uirig, an d
2 / 
r 2 = b/m-j_* we h a v e  d^ = d r ^  ( i  = 1 , 2 )  and  (d)  = (d  ) . Q .E .D .
The p r o o f  o f  t h e  f o l l o w i n g  t h e o r e m  g i v e s  an a l g o r i t h m  
(d u e  t o  G a u s s  [ G , A r t .  2 3 6 ] )  f o r  f i n d i n g  a  f o r m  w h i c h  i s  
t r a n s f o r m a b l e  i n t o  t h e  p r o d u c t  o f  tw o  g i v e n  f o r m s  ( p r o v i d e d  
t h e  r a t i o  o f  t h e i r  d i s c r i m i n a n t s  i s  a s q u a r e )  u n d e r  a
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p r i m i t i v e  b i l i n e a r  t r a n s f o r m a t i o n .
T h e o re m  8 : L e t  f ^  = [ a ^ b ^ c ^ ]  b e  a  f o r m  w i t h  d i s c r i m i n a n t
d ^ ,  d i v i s o r  (m^) = ( a i J ^ i .>  c i ) * an(* c o e f f i c i e n t s  i n  a  B e z o u t
dom ain  D w i t h  q u o t i e n t  f i e l d  K ( i  = 1 , 2 ) .  I n  o r d e r  t h a t  t h e r e
e x i s t s  a f o r m  f  w i t h  c o e f f i c i e n t s  i n  D w h i c h  i s
t r a n s f o r m a b l e  i n t o  f -^ 2  ^  n e c e s s a r y  an d  s u f f i c i e n t  t h a t
2
t h e r e  e x i s t s  s e K s u c h  t h a t  d-  ^ = d 2 s .
P r o o f : The n e c e s s i t y  f o l l o w s  f r o m  P r o p o s i t i o n  1 .
2C o n v e r s e l y ,  s u p p o s e  d-  ^ = d 2 s w i t h  s  e K. By Lemma 7 ,  we
h a v e  d e D an d  x\ > r 2 e K s u c h  t h a t
o
( 1 4 )  d 1 = d r  ( i  = 1 , 2 ) ,  e m2 r l  € D
( 1 5 ) ( d ^ ^ d g m j )  = (d )  .
I t  f o l l o w s  f r o m  (1 4 )  a n d  ( 1 5 ) t h a t
( 1 6 ) (mi r 2 J m2 r i )  = D •
We h a v e  a q r 2 = m-Lr 2 (a-L/m-L) e D, a n d  s i m i l a r l y  
’b i X 2 » ^ i T2 3 a 2 r l >1° 2 r l , c '2r l  a r e  e l e m e n t s
Qqj Q]_j Q2 j %  b e  a n y  e l e m e n t s  o f  D s u c h  t h a t  n o t  a l l  o f  
t h e  f o l l o w i n g  a r e  z e r o :
(17)
 ^ Q1 a 1 r 2 + 0 2 a 2r l  + + b 2 r l ’  N0
"Q0alr2 + % c2rl ” ^2(blr2 “ b2rl)/2 = N1
^ 3 Ci r 2 — * o^a 2 r l  *^ 1 (b l r 2 b 2 r l ^ 2 = ^2
V - Q 2 c 1 r 2 -  Q1c 2r 1 -  Q0 ( b 1 r 2 + b g r - ^ / 2  = N3
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L e t  (n )  = ( N ^ N ^ N ^ N g )  an d  N± = n q ± f o r  1 = 0 , 1 , 2 , 3  
T h e r e  e x i s t  P ^ ( i  = 1 , 2 , 3 * 4 )  s u c h  t h a t
( 1 8 ) PqQq p i q i  p 2q 2 P 3 q3 = ^ *
Now, d e f i n e  p ^ ( i  = 1 , 2 , 3 ^ 4 )  b y
Plalr2 P2a2rl P3 ^blr2 b2rl ^ 2 ~ p0 
- P0air2 + P3c2rl " P2^blr2" b2rl ^ 2 = P1 
P3clr2 ” P0a2rl + Pl(blr2~ b2rl^//p = p2 
 ^“ P2 clr2 "" PlC2rl ” p0 (blr2 + b2rl)/2 = P3 *
Now d e f i n e  a , b , c  b y
(1 9 )
( 2 0 )
QfQ.2 “ q0 q3 — a r l r 2 -} p l p 2 -  P 0P3 ~ c r l r 2
p 0 ? 3 + q0P 3 -  p i 9 2 -  q i P 2 = b r i r 2
We a s s e r t  t h a t :  a , b , c  e D, t h e  t r a n s f o r m a t i o n
T =
{V, p l
q0 q l  q2
i s  p r i m i t i v e ,  and  t h e  f o r m  [ a , b , c ]  i s  o f  d i s c r i m i n a n t  d 
a n d  i s  t r a n s f o r m a b l e  i n t o  ^ d e r  T * The p r o o f  o f
t h i s  a s s e r t i o n  i s  t h e  same a s  t h a t  i n  [ G , A r t .  2 3 6 ] a n d  w i l l
b e  o m i t t e d  ( t h e  i d e a  b e i n g  t o  show t h a t  a , b , c  e D a n d  t h a t
t h e  c o n v e r s e  o f  P r o p o s i t i o n  1 a p p l i e s .
R e m a r k : We n o t e  t h a t  t h e  p r o o f  o f  T h e o re m  8  i m p l i e s  t h a t
f o r  e a c h  t r i p l e  d , r - ^ , r g  s a t i s f y i n g  (1 4 )  an d  (15)  t h e r e
e x i s t s  a  f o r m  [ a , b , c ]  o f  d i s c r i m i n a n t  d w h i c h  i s
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t r a n s f o r m a b l e  i n t o  f -^ fg  u n d e r  a p r i m i t i v e  b i l i n e a r  
t r a n s f o r m a t i o n .
Lemma 9: L e t  f a .  .-) b e  a  2x4 m a t r i x  (2  r o w s ,  4  c o l u m n s )
X J
o f  d i v i s o r  (k )  w i t h  e n t r i e s  i n  a  B e z o u t  dom ain  D. Then t h e r e
/
e x i s t  a p r i m i t i v e  2x4 m a t r i x  (aj_j) an d  a 2x2 m a t r i x  H w i t h
/
e n t r i e s  i n  D s u c h  t h a t  ( a n--?) = H (a -  .)*
-L J  X J
a 0
H =
c
ab  = k .
P r o o f : L e t  ( a )  = ( a 1 1  ^a 1 2 , a - ^ *  a ]_4) a n d
a ^ .  = a ]Lj / a f o r  J = 1 * 2 , 3 * 4 .  T h e r e  e x i s t  t j  e D ( j  = 1* 2 ,3*4)
s u c h  t h a t
( 2 1 )  A v i d  ■ 1
4
D e f i n e  b b y  ab  = k  a n d  s e t  c = S t . a p . .
J  c z j
The s i x  m i n o r  d e t e r m i n a n t s  o f  o r d e r  2 i n  ( a . .) a r e
X J
Di J  -  a l i a 2 J '  a 2 i a l j  f 1 < 1 < J < ' S e t  = D i / a
f o r  1 < i  < j  < 4 .  Then
( 2 2 ) (■^ 1 2 '’ D1 3 j> Dl4*  ^ 2 3 * ^24* D3 4 )  = ( ^ )*
S e t  d'.'. = d (  . / b  f o r  1 < i  < j  < 4 .  U s i n g  (2 1 )  a n d  ( 2 2 ) ,
1 J
/  ;  /  \
an e a s y  c a l c u l a t i o n  shows t h a t  c a i j  “ a 2 j  = = 0 (modl:)).
D e f i n e  a ^ j  b y  a ^ j  = ( a 2 j  -  c a i j  ) / ’b f o r  J = 1 * 2 , 3 , 4 .  I t
16
f o l l o w s  t h a t  ( a . .) =
J
0
b
( a (  . ) .  The s i x  m i n o r-L J
d e t e r m i n a n t s  o f  o r d e r  2 i n  ( a (  .)  a r e  D^.  f o r  l < i < J < 4 ,J -L J
so  t h a t  ( a i j )  P r i mi ' t i v e  b y  ( 2 2 ) .
P r o p o s i t i o n  1 0 : L e t  f ^  be  a b i n a r y  q u a d r a t i c  f o r m  w i t h
d i s c r i m i n a n t  d^ a n d  c o e f f i c i e n t s  i n  a . B e z o u t  dom ain  D, an d
s u p p o s e  t h a t  f ^  i s  t r a n s f o r m a b l e  i n t o  unc^e r  a
b i l i n e a r  t r a n s f o r m a t i o n  T o f  d i v i s o r  ( k ) , Then t h e r e  e x i s t s
o
a f o r m  f^*  w i t h  c o e f f i c i e n t s  i n  D an d  d i s c r i m i n a n t  d ^ k  , 
a n d  a  p r i m i t i v e  b i l i n e a r  t r a n s f o r m a t i o n  T 7 s u c h  t h a t  f ^  
i s  t r a n s f o r m a b l e  i n t o  f ^ f ^ u n d e r  T 7 .
P r o o f :  I f  T = ( a .  . ) ,  t h e n  b y  Lemma 10 we h a v e  T = H S7
-L J
w h e re  S = ( a - [ j )  i s  p r i m i t i v e  a n d
H = a 0 c b , ab  = k .
As i n  ( 4 ) ,  we c an  i n t e r p r e t  T an d  S a s  l i n e a r  
t r a n s f o r m a t i o n  T^ a n d  r e s p e c t i v e l y
' a l l x l + a 13y l  a 1 2 x l + a l 4 y l
(a 21x l + a 23y l  a 22x l + a 24y l
, s 1 =
^ l l x i + a 13y l  a l 2 x l + a l 4 y l '
^ 21x l + a 23y l  a 22x l + a 24y l /
a n d  i t  f o l l o w s  e a s i l y  t h a t  HS-  ^ = T-j_ I f  d e n o t e s  t h e
m a t r i x  o f  f ^ ,  t h e n  t h e  m a t r i x  o f  t h e  im ag e  o f  f ^  u n d e r  
T^ i s  ^ i ^ T ^  (w h e re  T-  ^ d e n o t e s  t h e  t r a n s p o s e  o f  T-^) ,
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F u r t h e r m o r e
(2 3 )  Ti F3 T i  = ( H S { ) / F3 (HS1 ) = S ^ ( H / F 3 H)S1 .
Now H / F 3H i s  t h e  m a t r i x  o f  a  b i n a r y  q u a d r a t i c  f o r m  f 3 w i t h
2c o e f f i c i e n t s  i n  D a n d  d i s c r i m i n a n t  d 3k  , a n d  i t  f o l l o w s  
f r o m  ( 2 3 ) t h a t  f 3 i s  t r a n s f o r m a b l e  i n t o  un<^e r  ^ h e
p r i m i t i v e  b i l i n e a r  t r a n s f o r m a t i o n  S .
C o . r o l l a r y  11 :  L e t  fj_ b e  a b i n a r y  q u a d r a t i c  f o r m  w i t h
d i s c r i m i n a n t  d^ a n d  c o e f f i c i e n t s  i n  a B e z o u t  d o m a in  D w i t h  
q u o t i e n t  f i e l d  K ( i  = 1 , 2 )  . Then t h e r e  e x i s t s  a f o r m  f 3 
w i t h  c o e f f i c i e n t s  i n  D w h i c h  i s  t r a n s f o r m a b l e  i n t o
b y  a  p r i m i t i v e  t r a n s f o r m a t i o n  i f  a n d  o n l y  i f  t h e r e  e x i s t s
2
s e K s u c h  t h a t  d-  ^ = dgS .
P r o o f : F o l l o w s  f r o m  T h e o rem  8 a n d  P r o p o s i t i o n  1 0 .
R e m a r k : We n o t e  t h e  f o l l o w i n g  c o n s e q u e n c e  o f  T h e o rem  8  and
C o r o l l a r y  1 1 .  L e t  f ^  b e  a g i v e n  f o r m  w i t h  d i s c r i m i n a n t  
d ^ ,  d i v i s o r  (m ^ ) ,  a n d  c o e f f i c i e n t s  i n  a  B e z o u t  d om ain  
( i  = 1 , 2 ) .  I f  t h e r e  e x i s t s  f 3 t r a n s f o r m a b l e  i n t o  f - j^ g  
u n d e r  a  b i l i n e a r  t r a n s f o r m a t i o n  T o f  d i v i s o r  ( k ) ,  t h e n
p O p
P r o p o s i t i o n  4 i m p l i e s  t h a t  ( d ^ n ^ j d ^ m ^ )  = d3 (k )  ,  w h e re  d3 
i s  t h e  d i s c r i m i n a n t  o f  f 3 a n d  t h e  i d e a l  on t h e  l e f t  d e p e n d s  
o n l y  on f-^ a n d  f g .  I f  t h e r e  e x i s t s  o n e  s u c h  p a i r  f 3 , T ,  
t h e n  t h e r e  e x i s t s  o n e  w i t h  k  = 1 .
*
P r o p o s i t i o n  1 2 :  L e t  f ^  b e  a  b i n a r y  q u a d r a t i c  f o r m  w i t h
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c o e f f i c i e n t s  i n  a d om ain  D ( i  = 1 , 2 , 3 )  > an d  s u p p o s e  f ^  i s  
t r a n s f o r m a b l e  i n t o  f -^ fg  u n d e r  T .  I f  f ^  i s  t a k e n  i n t o  f ^  
an d  f ^  i s  t a k e n  i n t o  f ^  ( i  = 1 , 2 ) b y  l i n e a r  t r a n s ­
f o r m a t i o n s  w i t h  c o e f f i c i e n t s  i n  D ( i  = 1 , 2 , 3 )  * t h e n  
f '  i s  t r a n s f o r m a b l e  i n t o  f - j f g  u n d e r  t h e  t r a n s f o r m a t i o n
"r l L2 u 1L 2 ~
,  w h e re  L, =
1
-H
_s 1L2 v 1L 2 .
X
i
•H
>•Hra i
( i  = 1 , 2 , 3 ) •
P r o o f : I f  B i s  an a r b i t r a r y  b i l i n e a r  t r a n s f o r m a t i o n ,  we
d e n o t e  b y  t h e  a s s o c i a t e d  l i n e a r  t r a n s f o r m a t i o n  w i t h
c o e f f i c i e n t s  i n  D [ x ^ , y ^ ]  ( i  = 1 ^ 2 ) ( s e e  (4 )  an d  ( 5 ) ) *
L e t  b e  t h e  m a t r i c e s  o f  r e s p e c t i v e l y  ( i  = l , 2 , 3)*
a n d  l e t  M' d e n o t e  t h e  t r a n s p o s e  o f  a  m a t r i x  M.
S i n c e  L2 = F 2 j i t  f o l l o w s  t h a t
( L ^ l ^ )  (L^T1 ) = T^F^T^ = f]_Fg. I t  i s  e a s y  t o  c h e c k  t h a t
L^T-^ = (L^T)-^ a n d  c o n s e q u e n t l y  f ^  i s  t r a n s f o r m a b l e  i n t o  
f j f g  u n d e r  t h e  b i l i n e a r  t r a n s f o r m a t i o n  L^T .
S i m i l a r l y ,  T^F^T^ = f q F g  i m p l i e s  
(T-^Lg) ' f ^ (T^JL^) = f ^ ^ F g L g  = f q F g  ; s i n c e  I q L g  = S-  ^ ,  w h e r e
” L? N "0 0 “S = T d , N =
N iOJ 0 0
i t  f o l l o w s  t h a t  f ^  i s  t r a n s f o r m a b l e  i n t o  ^2.^2 u n d e r  S .
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I t  f o l l o w s  i n  t h e  same m a n n e r  t h a t  f ^  i s  
t r a n s f o r m a b l e  i n t o  u n d e r  t h e  b i l i n e a r  t r a n s f o r m a t i o n
“ r-^I u ^ I ” -•1 0 -
R = T 11
H
-  S j l  V j l  _ - 0  1 _
c o m b i n i n g  t h e s e  t h r e e  c a s e s ,  t h e  p r o o f  i s  c o m p l e t e .
i f
Q . E . D .
I t  s h o u l d  b e  n o t e d  t h a t
l 3 T
r l L2 u 1 L2
L s 1L2 V1L2 J
Pq Pp P 2 P 3
'qo ql  q2 q3'
an d  i f  D ' j  = p ' q '  -  q ' p j (0 < i  < j  < 3)
t h e n
(a ' )  d' = a' r f  ( I L j l I / I ^ D ^  (1 = 1 , 2 )
r
(bO
( O
D01  “  a l r 2^L2^  ,D 0 3 “:D12  “  b l r 2 l L 2 l ' D23 _  c l r 2 l L21 
[^02 = a2rl l ^ l i  jD03+D12 = )^2rl l^ ,l l  '^13 = c 2rll^ 'll
a 3 ( r i  i I ' lI  ) ( r 2 1H2  ^ ) ~ 9 i 9.2“ 909.3* c 3 ( r l l  Ll ! )  C^2 1 ^ 2 ! ) 
= P1/P2/ -PoP3*b3(r1 |L1 |)(r2.)L2 |)=PQq3+q(5p2-Piq2-9iPo
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w h e r e  r_  ^ ( i  = 1 , 2 )  a r e  a s  i n  P r o p o s i t i o n  1 . 1 .
Rem ark :  I f  f ^  i s  t r a n s f o r m a b l e  i n t o  f -^ fg ,  t h e n  i t  i s  c l e a r
t h a t  f ^  i s  n o t  u n i q u e .  I n  f a c t ,  t h e  b e s t  t h a t  c an  b e
h o p e d  w o u ld  b e  u n i q u e n e s s  w i t h i n  t h e  e q u i v a l e n c e  r e l a t i o n  
~  . Can we d e t e r m i n e  s a t i s f a c t o r y  r e s t r i c t i o n s  w h i c h  a l l o w  
u s  t o  o b t a i n  a u n i q u e  " p r o d u c t "  c l a s s  f ^  u n d e r  ~  , g i v e n  
f ^  a n d  f g ?  The r e m a r k  f o l l o w i n g  C o r o l l a r y  11 s u g g e s t s  t h e  
f o l l o w i n g  d e f i n i t i o n  o f  G a u s s  [G, A r t .  235 ]  a s  a f i r s t  s t e p  
i n  t h i s  d i r e c t i o n .
Definition: The form f^ is a compound (or, a composite) of
the forms f1 and fg provided f^ is transformable into
flfg by a primitive bilinear transformation.
R e m a r k : L e t  f  = [ a , b , c ]  b e  a compound o f  f ^  a n d  f g  b y  a 
t r a n s f o r m a t i o n  T, a n d  l e t  T* b e  t h e  t r a n s f o r m a t i o n  o b t a i n e d  
b y  r e p l a c i n g  t h e  s e c o n d  row qQ, q-^, q g ,  q^ o f  T b y  
~ Q q ^ “ 0.2  ^ Then f *  = [ a , - b , c ]  i s  a compound o f  f-^
an d  f g  b y  t h e  p r i m i t i v e  t r a n s f o r m a t i o n  T* a n d  i n  g e n e r a l  
f ^  i s  n o t  e q u i v a l e n t  t o  f ^  . G a u s s  d e a l t  w i t h  t h i s  
d i f f i c u l t y  ( o v e r  t h e  r i n g  o f  i n t e g e r s )  b y  i n t r o d u c i n g  t h e  
n o t i o n  o f  a d i r e c t  compound,  i . e .  a  compound s u c h  t h a t  t h e  
p r i m i t i v e  t r a n s f o r m a t i o n  h a d  t h e  p r o p e r t y  t h a t  r 2.’ T2 
P r o p o s i t i o n  1 w e r e  p o s i t i v e  ( s e e  [G,  A r t .  235]  an d  [BE, 155]* 
I n  v i e w  o f  P r o p o s i t i o n  1 ,  i t  i s  c l e a r  t h a t  a c h o i c e  o f  s i g n s  
o f  r i > r 2 e s s e n t i a l  f o r  u n i q u e n e s s .  O b v i o u s l y  t h i s
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s i t u a t i o n  p r e s e n t s  a m ore  s e r i o u s  d i f f i c u l t y  o v e r  a  B e z o u t  
d o m a in ,  b u t  a  r a t h e r  g e n e r a l  t r e a t m e n t  c o u l d  b e  g i v e n  b y  
u s i n g  t h e  t e c h n i q u e  o f  [BE,  1 6 3 - 1 6 4 ] .  H o w e v e r ,  t h e r e  i s  a 
c a s e  i n  w h i c h  t h i s  d i f f i c u l t y  c an  be  d e a l t  w i t h  f o r  B e z o u t  
d o m a in s  i n  t h e  same m a n n e r  a s  t h e  i n t e g e r s  -  n a m e l y ,  t h e
c a s e  i n  w h i c h  t h e  d i s c r i m i n a n t s  o f  a l l  f o r m s  c o n s i d e r e d  a r e
2
e q u a l .  I n  t h i s  c a s e  r ^  = 1 f o r  i  = 1 , 2  a n d  we c a n  make 
a c h o i c e  o f  s i g n s .  We c h o o s e  t h e  l a t t e r  a p p r o a c h  a n d  make 
t h e  f o l l o w i n g  d e f i n i t i o n .
P e f i n i i i o n : L e t  f ^  e 3 ( d )  f o r  i  = 1 , 2 , 3 *  We s a y  t h a t
f ^  i s  a d i r e c t  compound o f  f-^ a n d  f g  p r o v i d e d  f ^  i s  a
compound o f  f ^  a n d  f g  u n d e r  a ( p r i m i t i v e )  t r a n s f o r m a t i o n  
T s u c h  t h a t  r-^ a n d  r g  i n  P r o p o s i t i o n  1 a r e  b o t h  e q u a l  t o  
1 ( i . e .  | T i | = f ^  f o r  i  = 1 , 2  -  s e e  ( 4 ) ,  ( 5 ) an d
P r o p o s i t i o n  1 ) .
R e m a r k ; We e m p h a s i z e  t h a t  o u r  d e f i n i t i o n  o f  d i r e c t  compound 
r e q u i r e s  t h a t  t h e  t h r e e  f o r m s  i n v o l v e d  h a v e  t h e  same 
d i s c r i m i n a n t ,  w h i l e  t h e  c o r r e s p o n d i n g  d e f i n i t i o n  o f  G au ss  
d i d  n o t  r e q u i r e  t h i s  r e s t r i c t i o n  [G, A r t .  2 3 5 ]> h o w e v e r  
G a u s s  u l t i m a t e l y  r e d u c e d  h i s  c o n s i d e r a t i o n s  t o  t h e  e q u a l  
d i s c r i m i n a n t  c a s e  [G,  A r t s .  2 4 2 - 2 4 4 ] .
T h e o re m  1 3 : L e t  f ^  = [ a ^ , b ^ , c ^ ]  be  a f o r m  o f  d i s c r i m i n a n t
d w i t h  d i v i s o r  (m^) = ( a ^ , b ^ , c ^ )  a n d  c o e f f i c i e n t s  i n  a
B e z o u t  d o m a in  D ( i  = 1 , 2 ) .  I n  o r d e r  t h a t  t h e r e  e x i s t  a
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d i r e c t  compound f ^  o f  f ^  an d  f g ,  i t  i s  n e c e s s a r y  and  
s u f f i c i e n t  t h a t  (m-^,mg) = D. (The c o r r e s p o n d i n g  c o n d i t i o n  
o v e r  t h e  i n t e g e r s  f o r  f o r m s  o f  d i f f e r e n t  d i s c r i m i n a n t s  i s  
t h a t  t h e  r a t i o  o f  t h e  d i s c r i m i n a n t s  o f  f ^  an d  f g  h e  a 
r a t i o n a l  s q u a r e  [ G, A r t .  2 3 6 ] ) .
P r o o f : I f  t h e r e  i s  a d i r e c t  compound f ^  o f  f 1 a n d  f g ,  t h e n
(m-^nig) = D b y  C o r o l l a r y  5 .
The sufficiency follows by Theorem 8.
Q .E .D .
Lemma 1 4 : L e t  ( a j_j) an d  (b i j )  be  bwo 2xn mat r i c e s
(n > 2) w i t h  e n t r i e s  f r o m  a dom ain  D. S e t
Di j  = a l i a 2 j  " a 2 i a l j  a n d  Di j  = b l i b 2j  " b 2 i b l (1
S u p p o s e  (D1 gD1 2 # . . . i  Dn _ i n ) = D an d  DL  “  k  Di d
( l < i <  j < n ) .  Then  t h e r e  e x i s t s  a 2x2  m a t r i x  H w i t h  e n t r i e s
in D such that H(aij) = (t^j) and |h | = k.
P r o o f : See  [ G, A r t .  2 3 4 ] .
T h e o rem  1 5 : I f  f ^  a n d  f ^  a r e  b o t h  d i r e c t  com pounds  o f
f 1 an d  f g ,  t h e n  f ^  ~  f y  i . e .  a  d i r e c t  compound i s  u n i q u e  
up  t o  an e q u i v a l e n c e  c l a s s .
P r o o f : I f  f ^  i s  t r a n s f o r m e d  i n t o  bjr ^  a n d  ^3
i s  t r a n s f o r m e d  i n t o  f ^ f g  t>y > t h e n  T a n d  T' s a t i s f y
t h e  h y p o t h e s i s  o f  Lemma 14 ( w i t h  n = 4 ,  k = 1) b y  t a k i n g  
rl  = r g = 1 i n  (t>) o f  P r o p o s i t i o n  1 .  H ence  t h e r e  e x i s t s
1
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a  2x2 m a t r i x  H w i t h  e n t r i e s  i n  D s u c h  t h a t  HT = T '  a n d  
|H |  = 1 .  I f  F^ d e n o t e s  t h e  m a t r i x  o f  f ^ ,  i t  f o l l o w s  a s  
i n  t h e  p r o o f  o f  P r o p o s i t i o n  10 t h a t  t h e  f o r m  w i t h  m a t r i x  
H 'F^H (H '  t h e  t r a n s p o s e  o f  H) i s  t a k e n  i n t o  unc e^ r  T ,
a n d  t h e r e f o r e  m u s t  b e  f ^  ( s e e  t h e  r e m a r k  p r e c e e d i n g  
P r o p o s i t i o n  1 ) .  S i n c e  |H | = 1 ,  i t  f o l l o w s  t h a t  f ^  ~  f ^  •
D e f i n i t i o n : I f  f  i s  a  compound o f  f ^  a n d  f g  a n d  f '
i s  a com pound o f  f  a n d  f t h e n  we s a y  f '  i s  a  compound
o f  ( f 1 f 2 ) f ^ .  A d i r e c t  compound o f  ( f - j j f g j f ^  -is d e f i n e d  b y
a d d i n g  t h e  w ord  d i r e c t  b e f o r e  compound e v e r y w h e r e  i n  t h e  
p r e c e e d i n g  s e n t e n c e .
P r o p o s i t i o n  1 6 : I f  f  i s  a d i r e c t  compound o f  ( f ^ f g ) f ^
a n d  f '  i s  a  d i r e c t  compound o f  ( f ^ f ^ J f g  i t h e n  f  ~  f ' .
P r o o f : F o r  a  p r o o f  s e e  [G, A r t .  2 4 0 ] .
C o r o l l a r y  1 7 : I f  f  i s  a d i r e c t  compound o f  ( f ^ g ) ^  an d
f  i s  a  d i r e c t  compound o f  f - ^ f g f ^ )  an d  i f  t h e r e  e x i s t s  
a  d i r e c t  compound o f  ( f p f ^ f g ,  t h e n  f  ~  f ' . .
P r o o f : I m m e d i a t e  f ro m  P r o p o s i t i o n  16 s i n c e
f g f ^  = f ^ f g  and ( f g f 3 ) f 1 = f 1 ( f g f 3 ) .
Lemma 1 8 : L e t  f 1 = [ a ^ b ^ c ^ ]  be a fo rm  w i t h  c o e f f i c i e n t s
i n  a domain D ( i  = 1 , 2 , 3 ) *  I f  f ^  i s a d i r e c t  compound
o f  f p f g *  f h en  -  ^ 2  5  ^3  mo(* •
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Proof: Immediate using (b) and (c) of Proposition 1 and
noting that r-^  = = 1.
Proposition 19: If f = [a,b,c] e 3(d), then
I = [l,b,ac] e 3(d) is a form such that f is a direct
compound of I*f. Furthermore, any form f^ = [a-^b^cj e 3(d)
2 2 t h a t  r e p r e s e n t s  1 ( i . e . ,  1 = a-^s + b ^ s t  + c-^t f o r
s,t e D) is equivalent to [l,b,ac] provided b s b^ (mod 2).
Proof: The desired transformation is
1 0 0 -c"
O l a  b
P PSince 1 = a-^ s + b ^ t  + c-^ t , it follows that (s,v) = D,
su + vt = 1  for u,v e D, and [a-^b-^c-jJ is equivalent to
a form of the type [l,b',c'] (under the linear
■s - v
transformation J ) , where bn^ = b ' 4- 2k for k e D
t u
(see (l')). Since b s bn (mod 2), we have b = b'+2k' for
r 1 k '- i
k' € D. Applying the transformation to [l,b',c/],L o i J
and using the fact that all forms considered belong to 3(d), 
we obtain [l,b,ac].
Proposition 20: If [a,b,c] e ^(d)j then [ c,b, a] e 6>(d) and
[ac,b,l] is a direct compound of [a,b,c][c,b,a].
25
The desired transformation is
1 0  0 - 1  
0 a c b
Proposition 21: Suppose t\,ff e 5(d) (i = 1,2,3)* fg i*
a direct compound of f-^ fg, f^ is a direct compound of
f^fg * and that f^ ~ f^ (i = 1*2). Then f^ ~ fg * and
if f ~ f^j then f is a direct compount of f-^ f.
Furthermore, if f^ is transformed into f]_^ 2 
the bilinear transformation T, and if f^ is transformed 
into ^1^2 ^  bilinear transformation S, if f^ is
transformed into f^ by the linear transformation
L^(i = 1,2,3)* and if f is transformed into f^ by the
linear transformation K, then
S = L ^ T ~rlL2 u1L2~ where L-, = ’rl ul”
_s1L2 v1L2 _
X
_S1 vl_
- 1
J3
is the inverse of and f is transformed into
fffg by the bilinear transformation KT.
Proof: By Proposition 12 and the comment directly after it,
setting r^ = | |  = 1 (i =1,2,3) and
1 0 
0 1
, it follows that f^ is a direct compound of
fjf^ ar)d hence f^ ~ fg by Theorem 15. If f ~ fg and 
if f^ is a direct compound of ^2.^2* then from Proposition 12
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l e t t i n g  r ± = | L ± | = 1  ( i  = 1 , 2 , 3 ) *  L± = ( i  = l , 2 ) ,
1 0 
.0 1 .
and temporarily setting K = it follows that f is a 
direct compound of f^fg• The other statements follow 
immediately.
D e f i n i t i o n : L e t  f ^  e 5 ( d )  f o r  i  = 1 , 2 , 3 .  IT  T^ i s  a
d i r e c t  compound o f  T ^ f  g ,  t h e n  we d e f i n e  t h e  compound o f  t h e  
c l a s s e s  T - ^ f g  t o  b e  f ^  = T ^ f g  ( a n d  we s a y  t h a t  f ^  i s
f o u n d  b y  c o m p o s i t i o n  f r o m  f ^  a n d  f g )
We denote by ^(D) = g^ the collection of equivalence 
classes dete; lined by ~ on 0(d).
Definition: We say that D i:s a G domain provided that
any two primitive forms with equal discriminants and 
coefficients in D have a direct compound. Unless otherwise 
stated we will assume the discriminant to be nonsquare.
Theorem 22: If D is a G-domain, then G^ is an Abelian 
group under composition.
Proof: Since D is a G-domain, it follows by Proposition
21 that composition is a well defined operation on elements 
of G^. By Corollary 17, the associative law holds; by 
Proposition 19, G^ has an identity; by Proposition 20, each 
element of Gd has an inverse; and it is trivial that the 
elements of G^ commute.
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T h e o re m  2 4 : I f  D i s  a B e z o u t  d o m a in ,  t h e n  D i s  a
G - d o m a i n .
P r o o f : T h i s  i s  an  i m m e d i a t e  c o n s e q u e n c e  o f  Theorem  8 .
R e m a r k : An e x a m p l e  i s  g i v e n  i n  [BE, 1 77 ]  o f  a  N o e t h e r i a n ,
2 - d i m e n s i o n a l ,  u n i q u e  f a c t o r i z a t i o n  d o m a in  D w h i c h  i s  n o t  
a G - d o m a in j  i n  f a c t ,  t h e r e  i s  a p r i m i t i v e  f o r m  f  w i t h  
c o e f f i c i e n t s  i n  D s u c h  t h a t  no  d i r e c t  compound e x i s t s  
f o r  f f .
CHAPTER II 
COMPOSITION OF BINARY QUADRATIC FORMS
Composition of binary quadratic forms in the tradition 
of Dirichlet and Dedekind is called composition by "united 
forms". Two forms are called united if they have coprime 
divisors and the following configuration:
As in the case of Gaussian composition, the class h is called 
the compound of the classes f and g (or, h is said to be 
obtained from f,g by composition). If h' is the
compound of the united forms f'3g' where f' e f and
g' e g, then it is clear that R = h' since the direct 
compound is unique to within an equivalence class of ~ . 
Hence the compound ii is independent of the united forms 
chosen as representatives from f and g j furthermore the 
compound h obtained by united forms is the same as that
obtained by the Gauss method.
f = [a,b,a'c], g = [a',b,ac] a,a',b,c e D.
It is easily checked that h = [aa',b,c] is a direct 
compound of the united forms f = [a,b,a'c] and 
g = [a',b,ac] under the primitive bilinear transformation
1 0 0 -c
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D e f i n i t i o n : A d om ain  i s  c a l l e d  a domain ( o r ,  i s  s a i d  t o
h a v e  p r o p e r t y  Jb) p r o v i d e d  t h e  f o l l o w i n g  h o l d s :  i f  a n d
a r e  a n y  tw o  c l a s s e s  o f  p r i m i t i v e  f o r m s  o f  t h e  same 
d i s c r i m i n a n t ,  t h e n  t h e r e  e x i s t  u n i t e d  f o r m s  f , g  s u c h  t h a t  
f  e C1 , g  e C2 .
T h e o re m  1 : I f  D i s  a  dom ain  i n  w h i c h  e v e r y  n o n z e r o
e l e m e n t  i s  c o n t a i n e d  i n  a  f i n i t e  n u m b e r  o f  m a x im a l  i d e a l s
p p
an d  s u c h  t h a t  x == y  (mod 4 )  i m p l i e s  x  s  y (m od  2) i n  D , 
t h e n  D i s  a  . ^ - d o m a in .
P r o o f : See  [BE, 1 6 2 ] .
C o r o l l a r y  2 : A D e d e k i n d  dom ain  i s  a  . 0 -d o m a in .  ( I n  p a r t i c u l a r ,
t h e  r i n g  o f  i n t e g e r s  i s  a .0- d o m a i n ) .
P r o p o s i t i o n  3 : I f  D i s  a  .0 -d o m a in ,  t h e n  D i s  a G - d o m a in .
P r o o f : I f  f , g  £ P ( d ) ,  t h e n  t h e r e  e x i s t  u n i t e d  f o r m s  f ' , g '
s u c h  t h a t  f ' e f ,  g 7 e g .  T h e r e  e x i s t s  a  d i r e c t  compound 
h 7 o f  f 7g 7 ( s e e  t h e  comment f o l l o w i n g  t h e  d e f i n i t i o n  o f  
u n i t e d  f o r m s ) ,  a n d  i t  f o l l o w s  b y  P r o p o s i t i o n  1 . 2 1  t h a t  h 7 
i s  a  d i r e c t  compound o f  f g .
R e m a r k : We do n o t  know i f  t h e  c o n v e r s e  t o  t h e  a b o v e  t h e o r e m
i s  t r u e  o r  n o t .
R e m a r k : The o r i g i n  o f  t h e  c o n c e p t  o f  u n i t e d  f o r m s  i s  u s u a l l y
a t t r i b u t e d  t o  e i t h e r  D e d e k i n d  o r  D i r i c h l e t  ( [B E ,  1 5 6 ] ,
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[BP ,  2 4 ] ,  [KA 2 ] ,  [ D2, 6 6 ] ,  [ P  ] ) .  I n  t r e a t i n g  
c o m p o s i t i o n  i n  [D 1] D i c k s o n  u s e d  t h e  " u n i t e d  fo rm "  
a p p r o a c h ,  a n d  t h i s  seem s  t o  h a v e  b e e n  t h e  a c c e p t e d  p r o c e d u r e  
s i n c e  t h e  t i m e  o f  D e d e k i n d  f o r  q u a d r a t i c  f o r m s  o v e r  t h e  
i n t e g e r s .  The r e a s o n  f o r  t h e  r a t h e r  g e n e r a l  a c c e p t a n c e  o f  
t h e  u n i t e d  f o r m  m e t h o d  o f  c o m p o s i t i o n  seem s  t o  b e  t h e  
f o l l o w i n g :  F o r  f o r m s  w i t h  i n t e g r a l  c o e f f i c i e n t s ,  a  f a i r l y
e a s y  m e th o d  c a n  b e  d e r i v e d  f o r  p r o d u c i n g  u n i t e d  f o r m s  i n  
g i v e n  c l a s s e s  ( s e e  [ D 1  ] a n d  [ P ] ) ,  a n d  w i t h  u n i t e d  f o r m s
t h e  d i r e c t  compound i s  o b t a i n e d  i m m e d i a t e l y .  Two com m ents  
seem t o  b e  i n  o r d e r :  F i r s t ,  a r a t h e r  c a r e f u l  r e a d i n g  o f
[G,  A r t s .  1 6 8 ,  2 2 8 ,  2 4 2 - 2 4 4 ]  i n d i c a t e s  t h a t  G a u s s  m u s t  h a v e  
b e e n  e s s e n t i a l l y  a w a r e  o f  t h e  t e c h n i q u e  o f  u n i t e d  f o r m s  and  
u s e d  i t  i n  w o r k i n g  w i t h  e x a m p l e s ; a n d  s e c o n d ,  t h e  G a u s s  
a l g o r i t h m  ( s e e  T h e o re m  8 ) a s  u s e d  b y  G au s s  i n  
[G, A r t s .  2 4 2 - 2 4 4 ]  seem s  t o  b e  a s  e a s y  t o  u s e  a s  t h e  m e t h o d  
o f  c o m p u t i n g  u n i t e d  f o r m s .
Lemma 4 : L e t  D b e  a  dom ain  s u c h  t h a t  t h e  i d e a l  
( m , t 1 , t 2 , . . . , t  ) = D a n d  s u c h  t h a t  t r q s -  q r t g e (m)
( r , s  = 1 , 2 , . . . , m ) .  Then  t h e r e  e x i s t s  a u n i q u e  e l e m e n t  B o f  
D m o d u lo  (m) s u c h  t h a t
t ^  = q ^ ,  t g B  = q 2 , . . . , t n B = qn mod(m) .
P r o o f :  F o l l o w s  b y  [ D l ,  1 3 4 ] .
Lemma 5 ’- L e t  D b e  a  d o m ain  w i t h  b  == b 7 mod ( 2 ) ,  
b ^  = d m o d ( 4 a ) ,  b ? == d m o d  ( 4 a ' ) ,  a n d  ( a ,  a 7, ( b + b 7 ) / 2 )  = D. 
Then  t h e r e  e x i s t s  a u n i q u e  B mod ( 2 a a 7) s u c h  t h a t  
B s  b mod ( 2 a ) , B s  b 7mod ( 2 a 7) ,  B^ = d mod ( 4 a a 7) .  F u r t h e r ­
m o r e ,  ( a , a 7,B )  = D.
P r o o f : F o l l o w s  b y  [ D l ,  1 3 4 - 1 3 5 ] .
P PD e f i n i t i o n ; A dom ain  D h a s  p r o p e r t y  C p r o v i d e d  a s  b mod (4) 
i m p l i e s  a = b m o d (2)  f o r  a , b  a r b i t r a r y  e l e m e n t s  o f  D.
D e f i n i t i o n : A m a t r i x  U i s  c a l l e d  u n i m o d u l a r  p r o v i d e d  |u|  = 1 .
Lemma 6 : L e t  U = (u , . . . ) ,  V, W = (wn. ) b e  2x2 m a t r i c e s ,  an d————■ • —— j_ J J
l e t  T = ( t .  .) b e  a 2x4 m a t r i x  w i t h  e n t r i e s  i n  a d om ain  D.J
L e t
/ - t l l t 1 2 ~ ~ t 21 1 22 - a l  a 2 ~
U wn + w12
\ L t i s t l 4  " 23 t 24
/
- a 3 a4 -
a n d
/ “ t i l  t 1 2 _ ” 1 21 t 22 \
- b 1  b 2 -
V W21 + w22 -V L t i s  t ^ _ L t 23 t 2i|- / _ b 3 b4  _
Then
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P r o o f :  F o l l o w s  b y  a d i r e c t  c a l c u l a t i o n .
T h e o re m  7 : I f  D I s  a dom ain  w i t h  p r o p e r t y  G, t h e n
t h e  f o l l o w i n g  a r e  e q u i v a l e n t .
1 .  The dom ain  D h a s  p r o p e r t y
2 .  I f  f ^  e 0 (d )  ( i  = 1 , 2 ) ,  t h e n  t h e r e  e x i s t s  
f ^  = [ a ^ , b ^ ,  c ^ ]  e 0 (d )  s u c h  t h a t
f ^  ~  fj_ (1 = 1 j 2) a n d  (a-[,  a g ,  ( b ^ + b g ) / 2 )  = D.
3 .  I f  f ^  e 0 (d )  ( i  = 1 , 2 ) ,  th en ,  t h e r e  e x i s t  
f ^  ( i  = 1 , 2 , 3 )  and  T w i t h  e n t r i e s  f r o m  D 
s u c h  t h a t  f (  ~  f ^  ( i  = 1 , 2 ) a n d  f ^  i s  a 
d i r e c t  compound o f  u n d e r
p 3'T =
1 0  0
0 q l  q2 q3_
4 .  I f  f ± = [ a 1 , b i , c 1 ] e 0 ( d )  (1 = 1 , 2 , 3 )
and  f ^  i s  a d i r e c t  compound o f  u n d e r
T, t h e n  t h e r e  e x i s t  U,V,  an d  W, 2x2  m a t r i c e s  
i n  D, s u c h  t h a t
WT
rV uv" 1 0 o p 3
sV vV _ 0 q l  q2 q3 -
w h e re  t h e  l a s t  m a t r i x  h a s  e n t r i e s  f r o m  D 
r  u
an d  U =
L s  v J
33-
5- If fi = e 9 ( d )  (1 = 1,2,3) and if
f^ is a direct compount of f-^  and fg by
T =
P0 PX P2 P3
q0 qi  q2 q3 
then there exist a,£3 e D and U,V', 2x2 
unimodular matrices with entries in D such 
that (a,(3) = D and
V a P0
P2
= h o"
0 k
P3
+ P
q0 q i
q2 q3
•u
w h e r e  h , k  e D, h | k ,  k  4= 0 .
P r o o f : 1)=> 2) S i n c e  D h a s  p r o p e r t y  &,  we c a n  a s su m e
1 / 
f l  = [ a f , b ,  a g 0] a n d  f  2 = [ a 2 _,b, a-j^c] . S i n c e  f j  an d  f 2 a r e
p r i m i t i v e  i t - f o l l o w s  t h a t  ( a 1 , a 2 , b )  = D.
2)=> 3) S u p p o s e  = [ a i , b ± , c ± ] e 9 ( d )  ( i  = 1 , 2 )  
a n d  ( a - ^ a g ,  (b-j  ^ + b g ) / 2 )  = D. Then t h e  c o n d i t i o n s  o f  
Lemma 2 a r e  s a t i s f i e d  an d  h e n c e  t h e r e  e x i s t s  a u n i q u e  
B mod (2a-^a2 ) s u c h  t h a t  -  d = 4 a ^ a g C  ( f o r  C e D) ,
B = b ^  ^T'-2ajk ( f o r  k  e D ) ,  an d  B = b g + 2 a g A  ( f o r  JL e D) .
* o
T h e r e f o r e ,  [ a ^ ,b -^ ,c -^ ]  ~  [ a-^,b-L + 2a-^k,a-j_k -t-b^k + c ^ ]
= [>■]_,B ,a g C ]  a n d  [ a 2 , b g ,  Cg] ~  [ a 2 ,B ,  a^C] . I t  f o l l o w s  t h a t
[ a -^ a g ,B ,C ]  i s  a  d i r e c t  compound o f  [ a -^ ,B ,a g C ]  and
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[agjB^a-j^C] u n d e r
"l 0 0 -  c"
T =
3)  =>4) I m m e d i a t e  f r o m  P r o p o s i t i o n  1 . 2 1 .
a n d  W
“r  u “ r  m k  "1
S u p p o se  t h a t  U = , V = >
-S V- .  n X J
a r e  u n i m o d u l a r m a t r i c e s  w i t h e n t r i e s  f ro m
D a n d  t h a t
( 6 ) ¥T
rV uV ~1 0 0 P 3
_sV vV_ 0 q l q | q 3 J
I t  f o l l o w s  f r o m  ( 6 ) a n d  Lemma 6 t h a t
U a
"p0 P i "
+ 0 ■Qo ^l" v  =
~1 0
_p 2 p 3 _ _q 2 q3_ - °  p 3 -
Now f t  ( i  = 1 , 2 , 3 )  u n d e r  U,V,W r e s p e c t i v e l y  an d  f '■i - i  x ' — / '  '  * ' “ 3
i s  a  d i r e c t  compound o f  f £ f g  u n d e r  t h e  t r a n s f o r m a t i o n  i n  
( 6 ) ( s e e  P r o p o s i t i o n  1 . 1 2  a n d  P r o p o s i t i o n  1 . 2 1 ) .  I t  m i g h t  
h e  n o t e d  t h a t  f *  = [ q j , q g ,  -  q ^ P ^ l  ■ S i n c e  t h e  d i s c r i m i n a n t  
d i s  n o t  a s q u a r e  p*  ^  0 ,  S i n c e  W i s  u n i m o d u l a r ,
( a . , 0 )  = D.
5)=> 1) I f  f ^  e 0 ( d )  ( i  = 1 , 2 ) ,  t h e n  t h e r e  e x i s t s  
f ^  € 0 (d )  s u c h  t h a t  f ^  i s  a d i r e c t  compound o f
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u n d e r  a b i l i n e a r  t r a n s f o r m a t i o n
T = 0
Po p-
5 0  q l  q 2 q3„
S i n c e  (oc,0) = D, we h a v e  y , 6  e D s u c h  t h a t  a  6 
Then  5 )  a n d  Lemma 6 i m p l y  t h a t
0Y = 1 .
(7 ) S =WT
where V' =
rV uV 
sV vV
r u 
s v
J h 0 0 k"q0 qx q2 q3
and W =
Since S is a primitive transformation and h|k, we have
( 8 )
r l  0 Z
l ET
1 H ” l 0  0 h - 1  k
T* = S =
r N 0 1 JD h_ 0 h q ± h q Q h q 3 - q Q k_
As i n  t h e  p r o o f  o f  4)=* 5 ) , f ^  ~  f *  ( i  = 1 , 2 , 3 )  a n d  f* 
i s  a  d i r e c t  compound o f  f ^ f ^  u n d e r  T* ; f u r t h e r m o r e ,
- 1,= [h q -L ,hq3 -  qQk ,  -  h “ k h q 2 ] a n d
* 1 f 2 = [ h q 2 , h q 3 -  q Qk ,  -  h “ khq-jJ a r e  u n i t e d .
T h e o re m  8 : I f  { D _ J _ A (A an i n d e x  s e t )  a n d  D a r e  ■ OC Ct£ A
d o m a i n s  s u c h  t h a t  t h e  D f o r m  a n e t  a n d  e a c h  i sa a
a G -dom ain  (.£-d o m a in )  an d  i f  D = U„D . t h e n  D i s  a v 1 aeA a '
G -d o m a in  ( ^ - d o m a i n ) .
(By a  n e t ,  we mean a n y  two e l e m e n t s  o f  fDa 3a e j)
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a r e  c o n t a i n e d  i n  a t h i r d ) .
P r o o f : I f  f 1 = [ a ^ b ^ c ^ ]  e 0 (d )  ( i  = 1 , 2 ) w i t h
c o e f f i c i e n t s  i n  D, t h e n  s i n c e  D = UD a n d  s i n c ea,
F = {a-^fa 2 ^ 1 ,lo2 , c l , c 2  ^ i s  a  s e 't  i 'fc f o l l o w s  t h a t
t h e r e  e x i s t s  S e A s u c h  t h a t  F c  D . H ence  f ,  an d  f 0a  i  d
a r e  e l e m e n t s  o f  0 (d )  w i t h  c o e f f i c i e n t s  i n  .
I f  Dp i s  a  G -d o m ain  (0 e A ) ,  t h e n  t h e r e  e x i s t s
**3 ~ t a 3 , b 3 , c 3 -l w i t h  c o e f f i c i e n t s  i n  s u c h  t h a t  f ^
i s  a d i r e c t  compound o f  f-^ a n d  f g .  I t  f o l l o w s  t h a t  f ^
i s  a d i r e c t  compound o f  f-^ a n d  f g  i n  D s i n c e  D ^ c D .
T h u s  D i s  a G - d o m a in .
I f  i s  a  ^ - d o m a i n  ( a  e A ) ,  t h e n
f x ~  [ a ^ , b , a g c ]  a n d  f g ~  [ a ^ b ,  a ^ c ]  w i t h  c o e f f i c i e n t s  i n
Dfl a n d  h e n c e  i n  D. T h u s  D i s  a  ^ - d o m a i n .
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CHAPTER I I I  
FURTHER RESULTS IN BEZOUT DOMAINS
I n  t h i s  c h a p t e r ,  we w i l l  e x a m i n e  when a B e z o u t  
d o m ain  i s  a  ^ - d o m a i n .  As o f  now, we a r e  u n a b l e  t o  show 
w h e t h e r  o r  n o t  e v e r y  B e z o u t  d om ain  i s  a  ^ - d o m a i n .  E v e r y  
e x a m p l e  o f  a  b e z o u t  d om ain  t h a t  we know o f  i s  n o t  o n l y  a 
J ^ -d o m a in ,  t h e y  a r e  i n  f a c t  e l e m e n t a r y  d i v i s o r  r i n g s  (w h ic h  
we now d e f i n e ) .
D e f i n i t i o n ; A r i n g  R w i t h  t h e  p r o p e r t y  t h a t  e v e r y  m a t r i x  
c a n ,  b y  m u l t i p l i c a t i o n  w i t h  m a t r i c e s  o f  u n i t  d e t e r m i n a n t ,  
b e  r e d u c e d  t o  a d i a g o n a l  m a t r i x  s u c h  t h a t  e a c h  e l e m e n t  o f  
t h e  m a i n  d i a g o n a l  d i v i d e s  t h e  on e  t o  i t s  l o w e r  r i g h t  i s  
c a l l e d  an  e l e m e n t a r y  d i v i s o r  r i n g .
I n  [KA1, 4 7 1 - ^ 7 2 ] ,  i t  i s  shown t h a t  i n  a c o m m u t a t i v e  
r i n g  i f  a l l  1x 2 , 2x 1 , a n d  2x 2 m a t r i c e s  c a n  b e  d i a g o n a l i z e d  a s  
i n  t h e  a b o v e  d e f i n i t i o n ,  t h e n  t h e  r i n g  i s  an  e l e m e n t a r y  
d i v i s o r  r i n g .  I t  i s  e a s y  t o  s e e  t h a t  a l l  1x2  an d  2x1 m a t r i c e s  
o v e r  a  B e z o u t  d om ain  c a n  b e  d i a g o n a l i z e d  b y  m u l t i p l y i n g  b y  
u n l m o d u l a r  m a t r i c e s .  I t  f o l l o w s  e a s i l y  f o r  2x2  m a t r i c e s  
t h a t  t h e  d i a g o n a l i z a t i o n  c a n  b e  r e a l i z e d  b y  m u l t i p l y i n g  b y  
u n i m o d u l a r  m a t r i c e s .  F u r t h e r m o r e ,  [KA1, 4 7 2 ]  shows t h a t  i f  
a l l  t h e  d i v i s o r s  o f  z e r o  o f  a r i n g  R a r e  i n  t h e  J a c o b s o n
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r a d i c a l  ( i . e . . ,  t h e  i n t e r s e c t i o n  o f  a l l  m a x im a l  i d e a l s ) ,  
t h e n  R i s  an e l e m e n t a r y  d i v i s o r  r i n g  i f  a n d  o n l y  i f  ( 1 )  e a c h  
f i n i t e l y  g e n e r a t e d  i d e a l  i s  p r i n c i p a l  a n d  (2 )  i f  ( a , b , c )  = R, 
t h e n  t h e r e  e x i s t  p , q  e R s u c h  t h a t  ( p a , p b  + q c )  = R. S i n c e  
we a r e  i n t e r e s t e d  i n  d o m a i n s ,  we w i l l  d e f i n e  an e l e m e n t a r y  
d i v i s o r  d o m a in  t o  b e  an e l e m e n t a r y  d i v i s o r  r i n g  t h a t  i s  a 
d o m a i n .
T h e o re m  1 : I f  D i s  an  e l e m e n t a r y  d i v i s o r  d o m a i n ,  t h e n  D
i s  a  ^ - -d o m a in .
P r o o f : S i n c e  D i s  B e z o u t ,  i f  f-^ an d  f g  a r e  two f o rm s
i n  0 ( d ) ,  t h e n  t h e r e  e x i s t s  f ^  a d i r e c t  com pound o f  f ^  an d
f g  u n d e r  a  t r a n s f o r m a t i o n
T = P 0  P i  P 2  P3 
q0 S i  q2 q3
S i n c e  t h e  d i s c r i m i n a n t  d i s  n o n s q u a r e  i t  f o l l o w s  t h a t
Po P iP = M =
P 2  P 3
-  - a o  ^  0 .
S i n c e  D i s  an e l e m e n t a r y  d i v i s o r  d o m a in ,  t h e r e  e x i s t  
u n i m o d u l a r  m a t r i c e s  U a n d  V w i t h  c o e f f i c i e n t s  i n  D 
s u c h  t h a t
UMV =
PO 0
P-
w i t h  P q | p ^ .  U s i n g  Lemma I I .  6  w i t h  ¥  = a n d
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p a r t  ( 5 ) o f  T h e o re m  I I . 7 ,  i t  f o l l o w s  t h a t  D i s  a , 5 -d o m a in .
P r o p o s i t i o n  2 ; A B e z o u t  d om ain  i s  a  .5 -dom ain  i f  and  o n l y  i f  
f o r  a n y  two f o r m s  f , g  e 0 (d)  t h e r e  e x i s t  f^_ € f  an d  f ^  e g 
s u c h  t h a t  f-^ a n d  f ^  h a v e  t h e  same m i d d l e  c o e f f i c i e n t s .
P r o o f : (=>) C l e a r
(<=) S u p p o s e  f-^ = [ a , B , c ]  a n d  f 2 = [ a ' , B ,  c ' ]  • From 
C h a p t e r  I ,  we c a n  u s e  G a u s s ' s  a l g o r i t h m  (T h eo rem  1 . 8 ) .  S e t  
= 1 an d  Qq = Q2 = = 0 a n d  we g e t
T = J0
a/X  0
Pj
0 - c ' / x
a s  a t r a n s f o r m a t i o n  f r o m  f ^  i n t o  f ]_ f2 w h e r e  f 3 i s  a  d i r e c t  
compound o f  f ^ f g  u n d e r  T a n d  X = ( a , c ' )  . I f  
f 3 = , t h e n  f ^  ~  = f ^  afid f ' ^  i s
a  d i r e c t  compound o f  f j f 2 u n d e r
T ' =
"a/X 0 0 - c ' / X
- P 0 “ Pp - v 2 -P3
S i n c e  ( a / X , c ' / X )  = D, t h e r e  e x i s t  r , s  e D s u c h  t h a t  
( a / X ) r  + [ - ( c / / X ) ] s  = 1 .
S i n c e
—
1 1 > 0
1
T C '  /X
( c ' / \ ) s  l + ( c 7/ X ) s 0 - c ' / X s a/X
0
0 - a c 7/ X ‘
4o
a n d  a c '  ^  0 ,  t h e  p r o p o s i t i o n  h o l d s  fey p a r t  5)  o f  T h e o re m
I I . 7 w i t h  a  = 1 , p = 0 .
C o r o l l a r y  3 : A B e z o u t  dom ain  i s  a  ^ ’dom ain  i f  a n d  o n l y  i f
f o r  a n y  tw o  f o r m s  e 0 (d )  t h e r e  e x i s t s  f ^ c ^ ]  ~  ^
f o r  i  = 1 , 2  s u c h  t h a t  b-^ = - b g .
P r o o f : Use P r o p o s i t i o n  2 an d  t h e  f a c t  t h a t
[ a g j b g j C g ]  ~  [ c 2 .»—P 2 .»&2 1 •
C o r o l l a r y  4 : I f  D i s  a  B e z o u t  d o m a in ,  t h e n  u n i t e d  f o r m
c o m p o s i t i o n  h o l d s  f o r  a n y  p r i m i t i v e  c l a s s  w i t h  i t s e l f .
P r o p o s i t i o n  5 : A B e z o u t  d o m ain  i s  a  ^--Domain i f  an d  o n l y  i f
f o r  tw o  f o r m s  f , g  e 0>(d) one  r e p r e s e n t s  p r i m i t i v e l y  an
e l e m e n t  o f  D t h a t  d i v i d e s  an  e l e m e n t  o f  D t h a t  i s
r e p r e s e n t e d  p r i m i t i v e l y  b y  t h e  o t h e r .
P r o o f : (=>) C l e a r .
(<=) We c an  a s su m e  f  = [ a t , b , c ]  a n d  g  = [ a , b ' , c ' ] .
I f  ( a ,  ( b + b ' ) / 2 )  = (m),  t h e n  b y  T h e o re m  1 . 8 ,  s e t t i n g  
Q0 = - 1 ,  = Q2 = Q3 = 0 ,  we g e t  a d i r e c t  compound o f  f
a n d  g  u n d e r  t h e  t r a n s f o r m a t i o n
T =
m P i  P 2
0 t a / m  a /m ( b + b ' ) / 2m) 
m P x P 2 P3 
0 tq-L qx q3
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As I n  P r o p o s i t i o n  2 ,  t h e r e  e x i s t  r ,  s e D s u c h  t h a t
r  ‘ q 3 \  = (1 0 ) .  
s q i )
T h e r e f o r e ,
°  i  W o  t Ql\  / r  - q 3 \  / l  0 \
- 1  q x s t J ^  q 3 I q x I ^ 0  - q ^ l
H ence  t h e  p r o p o s i t i o n  f o l l o w s  "by T h eo rem  I I . 3
P r o p o s i t i o n  6 : I f  f ^  = [ a ^ , b ^ , c ^ ]  ( i  = 1 , 2 )  a r e  e l e m e n t s
o f  £>(d) w i t h  c o e f f i c i e n t s  i n  a n y  d om ain  D s u c h  t h a t
( a ^ a 2 ) = D, t h e n  t h e r e  e x i s t  f ^  e fh ( i  = 1 , 2 )  s u c h  t h a t
/ f
f ^  a n d  f g  a r e  u n i t e d .
P r o o f : See [ B - E ,  p .  1 62 ]  f o r  a  p r o o f .
The f o l l o w i n g  a r e  e x a m p l e s  o f  B e z o u t  d o m a in s  t h a t  a r e  
e l e m e n t a r y  d i v i s o r  d o m a in s  ( d e n o t e d  ED Ds) .  We h a v e  b e e n  
u n a b l e  t o  f i n d  a  B e z o u t  d om ain  t h a t  i s  n o t  an EDD. E x a m p le s  
o f  r i n g s  t h a t  a r e  n o t  d o m a i n s ,  t h a t  a r e  n o t  e l e m e n t a r y  
d i v i s o r  r i n g s ,  a n d  t h a t  a r e  r i n g s  w i t h  t h e  p r o p e r t y  t h a t  
f i n i t e l y  g e n e r a t e d  i d e a l s  a r e  p r i n c i p a l  h a v e  b e e n  g i v e n  i n  
[GH2, 3 7 8 ] .  T h e s e  e x a m p l e s  m o d u lo  a  p r i m e  i d e a l ,  h o w e v e r ,  
a r e  EDDs.
I f  D i s  a  B e z o u t  d o m ain  w i t h  q u o t i e n t  f i e l d  K and  
J  i s  a  dom ain  s u c h  t h a t  D c  J  c  K, t h e n  i t  i s  e a s y  t o  show 
t h a t  J  i s  a l s o  a B e z o u t  d o m a i n .  F u r t h e r m o r e ,  i f  P i s  a
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p r i m e  i d e a l  i n  a B e z o u t  d o m a i n ,  t h e n  D /P  i s  a  B e z o u t
d o m a i n .  I f  fDa ^a e A i s  a  c o l l e c t i o n  o f  B e z o u t  d o m a in s  s u c h
t h a t  i f  a-^ccg e A, t h e n  t h e r e  e x i s t s  e A s u c h  t h a t
D c D  f o r  i  = 1 , 2 .  t h e n  D = U D i s  a  B e z o u t  d o m a in .a j_ a 3 a eA a
/ /
H o w e v e r ,  t h e  p o l y n o m i a l  r i n g  D [x ]  i s  a P r u f e r  dom ain  i f  a n d
o n l y  i f  D i s  a f i e l d ,  a s  t h e  f o l l o w i n g  e a s y  a r g u m e n t  shows 
/ /
(D i s  a P r u f e r  d om ain  p r o v i d e d  e v e h y  f i n i t e l y  g e n e r a t e d
n
i d e a l  i s  i n v e r t i b l e ;  h e n c e  a B e z o u t  d om ain  i s  P r u f e r  '
[ G I ,  2 5 3 - 3 8 6 ] ) .  S u p p o se  D [x]  i s  a  P r u f e r  dom ain  a n d  l e t  
0 =J= d e D. Then  ( d , x )  i s  i n v e r t i b l e  a n d  ( d , x )  > ( x )  i m p l i e s
t h a t  ( d , x ) Q  = ( x )  f o r  some i d e a l  Q o f  D [ x ] .  S i n c e  (x )
i s  p r i m e ,  t h e n  Q = ( x ) ,  ( d , x )  = D [ x ] ,  a n d  d i s  a  u n i t
i n  D .
I f  D i s  an  EDD w i t h  q u o t i e n t  f i e l d  K an d  J i s  a
s
d o m a in  s u c h  t h a t  D c  J c  K, t h e n  J i s  an  EDD; we s e e  t h i s
a s  f o l l o w s .  L e t  a / b  e J  w i t h  a , b  e D. Then  ( a , b )  = ( d ) ,
a = a-^d, b = b ^ d ,  a-jjx + b-^y = 1 ( a l l  e l e m e n t s  i n  D) . Hence
(a- j jx /b^)  + y  = l /b -^  e J ;  t h u s ,  i f  a  e J ,  t h e n  a  = a-j/b-^ 
w i t h  D b^ _ a  u n i t  i n  J .  I t  now f o l l o w s
r e a d i l y  t h a t  2x2  m a t r i c e s  o v e r  D c a n  b e  d i a g o n a l i z e d .  
F u r t h e r m o r e ,  i t  i s  c l e a r  t h a t  i f  P i s  a  p r i m e  i d e a l  i n  an
EDD J ,  t h e n  J / P  i s  an EDD; a n d  t h e  u n i o n  o f  a f a m i l y  o f  
EDDs f o r m i n g  a n e t  ( a s  f o r  B e z o u t  d o m a in s  a b o v e )  i s  an  EDD.
We now g i v e  s e v e r a l  e x a m p l e s  o f  n o n t r i v i a l  EDDs.
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E x a m p le  1 ; The r i n g  D o f  a l g e b r a i c  i n t e g e r s  i s  an EDD. I f  
( a , b , c )  = D, t h e n  t h e r e  e x i s t  a ^ b - ^ , ^  e D suc i l  t h a t  
aa-^ + bb-^ + cc-^ = 1 .  H ence  t h e r e  e x i s t s  a  dom ain  D / c  D 
s u c h  t h a t  a , a ^ b j l ) ^ , c , c ^  e D 7 a n d  D : i s  t h e  i n t e g r a l
c l o s u r e  o f  t h e  i n t e g e r s  i n  a f i n i t e  a l g e b r a i c  e x t e n s i o n  
f i e l d  o f  t h e  r a t i o n a l s . F u r t h e r m o r e ,  D 7 i s  a  D e d e k i n d  
do m ain  ( s e e  [ ZS1, C h a p t e r  5 ] o r  [M] f o r  d e t a i l s ) .
T h e r e f o r e ,  b y  t h e  p r o o f  o f  P r o p o s i t i o n  2 . 1  i n  
[BE,  1 5 6 ) ,  t h e r e  e x i s t s  k  € D 7 s u c h  t h a t  ( a , b + k c )  = D 7 . 
S i n c e  ( a , b  + k c )  = D w hen  t h e  i d e a l  i s  e x t e n d e d  t o  D an d
s i n c e  D i s  B e z o u t  ( s e e  [M, 8 5 - 8 6 ] )  i t  f o l l o w s  t h a t  D i s
an  EDD.
E x a m p le  2 : The r i n g  o f  e n t i r e  f u n c t i o n s  D i s  an EDD. I f
f ( z )  e D, t h e n  f ( z )  = c zme ^ z ^l l fk ( z )  b y  t h e  W e i e r s t r a s s  
r e p r e s e n t a t i o n  o f  f ( z )  w h e r e  f k ( z )  i s  a  m o n i c ,  l i n e a r  
p o l y n o m i a l ,  t h e  p r o d u c t  i s  c o u n t a b l e ,  t h e  r e p r e s e n t a t i o n  i s  
w i t h i n  a u n i t  f a c t o r  a n d  c i s  c h o s e n  s o  ty(0 ) = 0 
[ H2, 3 4 6 ]  and  [ S Z ,  2 9 5 - 3 0 0 ] .  I t  f o l l o w s  t h a t  e a c h  f fc( z )  i s  
an  i r r e d u c i b l e  e l e m e n t  o f  D a n d  t h a t  D i s  t h e r e f o r e  an 
EDD ( s e e  [KA1, 4 7 3 ]  f o r  f u r t h e r  d e t a i l s  o r  [ H I ] ) .
D e f i n i t i o n : We s h a l l  s a y  t h a t  £  _is jLn t h e  s t a b l e  r a n g e  o f
R i f  R i s  a  r i n g  s u c h  t h a t  f o r  ( a ^ , . . . , a g , a g+^)  = R w i t h  
s > n ,  t h e r e  e x i s t  b-^, . . . , b s e R s u c h  t h a t  
( a l  + + b 2 a s+1 , . . . , a g + b ga s+ 1) = R ( s e e
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[EO, 3 4 4 - 3 4 5 ] ) .
Example 3 : I f  D i s  a B ezout domain and has 1 in  i t s
s t a b l e  ra n g e ,  th en  D i s  an EDD. In  [EO, 3 4 9 ] >  i t  i s  shown
t h a t  i f  a ,b  e D, then  ( a ,b )  = ( a + k b )  f o r  some k e D. In
a d d i t io n  i f  D i s  B ezout w ith  1 i n  i t s  s t a b l e  range and 
q u o t i e n t  f i e l d  K and J i s  a domain such t h a t  D c J c K ,
th e n  J has t h e  same p r o p e r ty  [EO, 350]*
D e f i n i t i o n : A K ronecker f u n c t i o n  r in g  i s  d e f in e d  as f o l lo w s
( s e e  [EO, 347] or  [G I, 3 3 6 - 3 7 7 ] ) :  Suppose D i s  an
i n t e g r a l l y  c l o s e d  domain w ith  q u o t ie n t  f i e l d  K and suppose
(Rr ) i s  t h e  s e t  o f  a l l  v a lu a t io n  r in g s  o f  K c o n t a in in g  D
and suppose  v '  i s  th e  t r i v i a l  e x t e n s i o n  o f  v t o  K(x)
where x  i s  an in d e te r m in a n t  o v e r  K, i . e . ,
v ' ( a nx n+ . . .+ aQ) = i n f { v ( a n ) , . . . , v ( a Q) ] .  I f  R , i s  th e
v a l u a t i o n  r in g  o f  v 7 and i f  D7 = DR , ,  th e n  D7 i s  c a l l e d
v
t h e  K ronecker fu n c t io n  r in g  o f  D. We w i l l  o f t e n  n o t  r e f e r e n c e  
D and w i l l  sa y  D7 i s  a K ronecker f u n c t io n  r in g .
Example 4 : Kronecker f u n c t io n  r in g s  are  EDD ([EO ,347] or
[GI ,  3 6 7 ] ) .
D e f i n i t i o n : A domain D h as p r o p e r ty  P i f  each  n on zero  
e lem en t  o f  D i s  c o n ta in e d  in  a t  m ost a f i n i t e  number o f  
maximal i d e a l s .
I f  D i s  an F-dom ain, th e n  ( a , b , c )  = D im p l ie s
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( a , b + k c )  = D f o r  some k  e D [BE, 1 5 6 ] . Hence  a  B e z o u t  
dom ain  w h i c h  i s  an  F - d o m a in  m u s t  b e  a n  EDD; in. p a r t i c u l a r  a 
PID i s  an  EDD.
E x a m p le  5 : A v a l u a t i o n  r i n g  i s  a d o m a in  in. w h i c h  t h e  i d e a l s
a r e  t o t a l l y  o r d e r e d  u n d e r  i n c l u s i o n  ( s e e  [ Z S 2 ] , [ G l | ,  [B3] ,  and
[N] f o r  e x a m p l e s  an d  p r o p e r t i e s  o f  v a l u a t i o n  r i n g s ) .  I t  i s
e a s y  t o  s e e  t h a t  a  v a l u a t i o n  r i n g  i s  an EDD. I n  a d d i t i o n ,
i f  V-j_, . . . ,V n a r e  v a l u a t i o n  r i n g s  w i t h  q u o t i e n t  f i e l d  K,
n
t h e n  i t  can  b e  shown t h a t  D = . D V .  i s  a n  F - d o m a in  a n d  ai = l  1
B e z o u t  d o m a in  ( s e e  [ G I ,  262]  a n d  [N,  3 8 ] )  a n d  c o n s e q u e n t l y  
D i s  an EDD.
E x a m p le  6 : The d o m a in s  f o r m e d  b y  J a f f a r d ' s  " p u l l b a c k
t h e o r e m "  ( [ J l ] ,  [ J 2 ] ,  [ G I ] )  a r e  EDD. I n  f a c t ,  t h e s e  d o m a in s  
h a v e  1  i n  t h e i r  s t a b l e  r a n g e .
S u p p o s e  k  i s  a  f i e l d  a n d  G i s  a  l a t t i c e  o r d e r e d
g r o u p .  L e t  D 7 b e  t h e  dom ain  c o n s i s t i n g  o f  a l l  f o r m a l  sums 
n a i lf E a . x  a* e k ,  a.- e G] . L e t  K s i g n i f y  t h e  q u o t i e n t
i = o  1 1 1 1
00 •
f i e l d  o f  D 7 . D e f i n e  cp:D7** G b y  cp(Ea^x ) =
i n f  ( [a, ) ) ^ _ n E x t e n d  cp t o  K b y  c p (a /b )  = cp (a ) -  cp(b)
f o r  a / b  e K. Then D =  (X eK |cp (X )  e G+ ] i s  a dom ain  [ G I ] .
S u p p o s e  X,Y e D, X ={= 0 ,  Y ]= 0 .  We can  a s su m e
a ,  e ,
X = Ea^x , Y -  Eb^x 1 s i n c e  X a n d  Y d i f f e r  f r o m  t h e s e
b y  a u n i t .  S u p p o s e  cp(X) = X a n d  cp(Y) = | i . S i n c e
<p(x^/X) = cp(X/x^)  = 0 ,  we h a v e  x ^ /X  an d  X / x 1^ a r e  u n i t s  o f
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D. S i n c e  (xX/ X ) - X  = a n d  ( X /x X) - x X = X, i t  f o l l o w s  t h a t  
(x X) = ( X ) .  L i k e w i s e ,  ( x ^ )  = (Y ) .
I f  X = p ,  t h e n  (x X, x ^ )  = (x X) = ( x ^ ) .  I f  X =|= p ,  
t h e n  (x X, x ^ )  = (x X + x^1) s i n c e  x x/ ( x x + x ^ )  an d
x * V ( x X + x ^ )  e D. I f  (x X, x M) = (xx + x ^ ) ,  t h e n  u-jX = x X,
UgY = x ^  f o r  U p U g  u n i t s  o f  D w h i c h  i m p l i e s
(X ,Y)  =  (U lX , u 2Y) = (u-,X +  u 2Y)  = ( X + ( u 2 / u 1 ) Y)
= ( ( u 1/ u 2 )X + Y ) . I f  (xX, x d ) = (x ^ )  = ( x X) ,  t h e n
(X,Y) = ( ^ X j U g Y )  = (ugY ) = (u-jX) . E i t h e r  way 1 i s  i n  t h e
s t a b l e  r a n g e .
E x a m p le  J : I f  B i s  a B e z o u t  dom ain  a n d  i f  K i s  t h e
q u o t i e n t  f i e l d  o f  B an d  x i s  an i n d e t e r m i n a n t  o v e r  K 
a n d  M i s  t h e  m a x im a l  i d e a l  o f  K [ [ x ] ] ,  t h e n  B + M  = D i s  a 
B e z o u t  d o m a i n . F u r t h e r m o r e ,  i f  B h a s  t h e  p r o p e r t y  t h a t  
( a , b , c )  = B i m p l i e s  ( a p , b p  + c q )  = B, t h e n  D h a s  t h e
same p r o p e r t y .
I f  B i s  B e z o u t  a n d  i f  M < A c  D f o r  A an i d e a l
o f  D, t h e n  A = A '  +M w h e r e  A '  i s  an i d e a l  o f  B and
f u r t h e r m o r e  a n y  s e t  o f  g e n e r a t o r s  o f  A ' i n  B i s  a s e t
o f  g e n e r a t o r s  o f  A i n  D [ G I ,  56O -5 6 I ]  . I f  A i s  an  i d e a l
o f  D a n d  A c  M an d  i f  ( a 1 j<x2 ) = A, t h e n  t h e  f o l l o w i n g
a r g u m e n t  w i l l  show A i s  p r i n c i p a l .
ic |^ |-*|
S u p p o s e  a-j_ = a^x  + a k + l x + • • • and
a 2 = b ^ x A + +1x A+1+ . . .  w i t h  a k  =)= 4= a n d  j6 > k > l .
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S i n c e  = a ^ x  u- j , a 2 = t ^ x  u 2 w i t h  u-j_,u2 u n i t s  i n  D,
T-
t h e n  (a-j^ctg) = ( a fcx  , b ^ x  ) .  I f  k  < I ,  t h e n  ( a 1 , a 2 ) = ( a ^ ) .
S u p p o s e  k  = Z . We can, a s su m e  a\  ^= a-y /m an d
b^  = b^. = bj^/m w i t h  m e B. S i n c e  B i s  B e z o u t ,
( a k_,b^) = ( c ) .  I t  f o l l o w s  e a s i l y  t h a t  (o t-pag)  = ( c x k/ m )  an d  
D i s  B e z o u t .
S u p p o s e  ( a ,  j3, y )  = D w i t h  a  = a Q + a-^x + . . . ,
0 = b  + b n x  + . . . ,  a n d  v = + c nx  + . . . . I t  i s  known t h a to i  ' o i
k = k Q + k ^  + . . . i s  a u n i t  o f  D i f  an d  o n l y  i f  k Q i s  a 
u n i t  o f  B .  ( [N ,  50]  c a n  b e  u s e d  t o  show t h i s ) .  Hence  
( a o , b o , c 0 ) = D, so  t h e r e  e x i s t  p Q jq o e B c  D s u c h  t h a t
( W b o P 0 + c o * o )  = B * f o l l o w s  e a s i l y  t h a t
( a p Q, 0 p Q + Vq0 ) = D- H ence  D i s  an EDD i f  B i s .
T h i s  e x a m p l e  s a y s  t h a t  an  EDD o f  a n y  f i n i t e  d i m e n s i o n  
c a n  b e  g e n e r a t e d ,  e . g . ,  f o r  an i n i t i a l  B t a k e  a n y  PID ( s u c h  
a s  t h e  i n t e g e r s )  .
A s i m i l a r  a r g u m e n t  can  b e  u s e d  t o  show t h a t  D h a s
1 i n  i t s  s t a b l e  r a n g e  i f  B d o e s .  F u r t h e r m o r e ,  i f
(Da ] a € A I s a  n e ^ ° f  B e z o u t  d o m a in s  w i t h  1 i n  t h e  s t a b l e
r a n g e ,  t h e n  D '  = U D i s  a B e z o u t  dom ain  w i t h  1 i n  t h e
aeA  a.
s t a b l e  r a n g e  a s  t h e  f o l l o w i n g  a r g u m e n t  s h o w s .  I n  [EO, 3 4 9 ] j 
i t  i s  shown t h a t  a dom ain  D i s  B e z o u t  a n d  h a s  1 i n  i t s  
s t a b l e  r a n g e  i f  a n d  o n l y  i f  f o r  an y  &-^,&2 e D a n d  
b e ( a ^ , a 2 ) ,  t h e r e  e x i s t  c , d  e D s u c h  t h a t  b = c ( a - ^ + d a 2 ) .
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S u p p o s e  ai *&2  6 I>/ a n d  b € ( a l j a 2 ^* T h en  = a i m ‘!* a 2n *
T h e r e  e x i s t s  0 e A s u c h  t h a t  b ,  a ^ a g ^ m ,  n e Dg an d  h e n c e
b  e ( a - j^ a g )  i n  Dg . T h e r e f o r e ,  t h e r e  e x i s t  c , d  e c  D '
s u c h  t h a t  b  = c ( a j + d a p )  i n  Dg a n d  h e n c e  i n  D ' .
E x a m p le  8 : L e t  K be  an. a l g e b r a i c a l l y  c l o s e d  f i e l d  o f
c h a r a c t e r i s t i c  n o t  2 .  L e t  x ^  = X be  an. i n d e t e r m i n a n t  o v e r
K a n d  s u p p o s e  i s  d e f i n e d ,  t h e n  x n i s  d e f i n e d  b y
2 1 x M n = x  . The s e t  o f  K [ x „ ,  ——] f o r m s  a  n e t  a n d  n - x  n n '  x n J
00 -1
U K[x ,  rp~] i s  an  EDD. T h i s  e x a m p le  i s  g i v e n  i n  [ B 4 , 8 6 ] ,  
n = l  n x n
I t  i s  e a s i l y  s e e n  t h a t  K[xn ] i s  a  E u c l i d e a n  dom ain  an d
h e n c e  an  EDD f o r  n a n y  n a t u r a l  n u m b e r .  I f '
k n I  i, n i
E a,  (— ) and E b,  (— )ar e  two non zero  e le m e n ts  o f  
I= o  1 xn i= o  1 xn
K[xn ] [ ~ ]  = K[ xn,5T’  ^ and k ^  1 3 then
= (— ) k (0 ) = (-4?) where 4 . ^ .  e K and 0 e K[x.  ] . Hence 
X” xn
KCxr^ a PID and th u s  an EDD. I t  f o l lo w s  t h e r e f o r e
n
t h a t  UK[x , i s  an EDD.
CHAPTER IV
COMPOSITION IN DOMAINS THAT MAY NOT BE BEZOUT
I n  t h i s  c h a p t e r  we s t u d y  c o m p o s i t i o n  i n  d o m a in s  t h a t  
may n o t  b e  B e z o u t ,  a n d  i n  p a r t i c u l a r  i n v e s t i g a t e  c o n d i t i o n s  
u n d e r  w h i c h  i n f o r m a t i o n  c o n c e r n i n g  c o m p o s i t i o n  l o c a l l y  
( i . e . ,  i n  t h e  q u o t i e n t  r i n g s  Dp , f o r  P a p r i m e  i d e a l  o f  
D) y i e l d s  g l o b a l  i n f o r m a t i o n  ( i . e . , '  i n  D i t s e l f ) .  One o f  
o u r  m a in  r e s u l t s  i s  t h a t  D [x]  i s  a  G -dom ain  when D i s  
a P ID .  We w i s h  t o  t h a n k  P r o f e s s o r  D e n n i s  R. E s t e s  f o r  
s u g g e s t i o n s  i n  t h i s  c o n n e c t i o n .
The  r e l a t i o n s h i p  b e t w e e n  b i n a r y  q u a d r a t i c  f o r m s  o v e r  
D a n d  c e r t a i n  D - m o d u le s  i n  a q u a d r a t i c  e x t e n s i o n  o f  t h e  
q u o t i e n t  f i e l d  K o f  D h a s  b e e n  d e v e l o p e d  a s  a u s e f u l  
t e c h n i q u e  i n  i n v e s t i g a t i n g  p r o p e r t i e s  o f  f o r m s  an d  D - m o d u le s  
( e . g . ,  s e e  [KA2] an d  [BE, 1 7 3 - 1 8 0 ]  f o r  r e c e n t  a p p l i c a t i o n s
p
a n d  f o r  o t h e r  r e f e r e n c e s ) . I f  d = t  -  4n  i s  a n o n s q u a r e
2d i s c r i m i n a n t  i n  D, t h e n  f ( x )  = x -  t x  + n i s  an 
i r r e d u c i b l e  p o l y n o m i a l  i n  t h e  p o l y n o m i a l  r i n g  D [ x ] . The 
r o o t s  o f  f ( x )  a r e  ( t  + / d ) / 2  a n d  ( t  -  / d ) / 2  w h e r e  / d
p
i s  a f i x e d  r o o t  o f  t h e  p o l y n o m i a l  x -  d .  I f  a , 0 e K ( / d ) ,  
t h e n  D [ a , 0 ]  ( o r  [ a , 0 ]D) w i l l  b e  u s e d  t o  d e n o t e  t h e  
D -m o d u le  g e n e r a t e d  b y  a  a n d  0 .  I f  a  = a  + b / d  e K ( / d ) , t h e n
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a  = a -  b / d  i s  t h e  c o n j u g a t e  o f  a» N (a )  = a a  i s  t h e  no rm  
o f  a ,  a n d  T ( a )  = a + a  i s  t h e  t r a c e  o f  a .  I f  
M c  K ( / d )  i s  a  D - m o d u le ,  t h e n  M w i l l  d e n o t e  t h e  s e t  o f  
c o n j u g a t e s  o f  M, an d  i t  i s  c l e a r  t h a t  M i s  a l s o  a  
D - m o d u l e . We s e t  N(M) = MM, t h e  p r o d u c t  o f  M a n d  M a s
D - m o d u le s  i n  K ( / d )  . I f  f  = [ a , b , c ]  i s  a  f o r m  o v e r  D o f
d i s c r i m i n a n t  d ,  t h e n  we a s s o c i a t e  w i t h  f  t h e  D -m o d u le
= D [ a ,  ( b + / d ) / 2 ]  . I t  m i g h t  b e  n o t e d  t h a t  i t  i s  i m p o r t a n t  
t o  a l w a y s  u s e  ( b ' + / d ) / 2  ( o r  t o  a l w a y s  u s e  ( b - / d ) / 2 ) i n  
o u r  f o l l o w i n g  a r g u m e n t s .  I t  m i g h t  a l s o  b e  n o t e d  t h a t  
K ( / d )  = K ( ( b + / d ) / 2 )  = K ( ( b - / d ) / 2 ) ,  b u t  D[ a ,  ( b + / d ) / 2 ]  i s  
e q u a l  D [ a , ( b - / d ) / 2 ]  i f  an d  o n l y  i f  a | b .
Lemma 1 : I f  T i s  a  2x4 m a t r i x  o v e r  D, t h e n  t h e r e  e x i s t s
a  4 x 2  m a t r i x  S o v e r  D s u c h  t h a t  TS = [o a  i f  a n d  o n l y
i f  T i s  p r i m i t i v e .
P r o o f :  L e t  T = ( a ^ ) ( i  = 1, 2 j  j  = 1 , 2 , 3 , 4 ) .  I f  t h e  i d e a l' d
g e n e r a t e d  b y  t h e  Di j . = a 1 ;La 2 j  -  a 2 i a l j  (1  < i  < j  < 4 )
i s  D, t h e n  t h e r e  e x i s t  u .  e D ( i  = 1 , 2 , 3 , 4 )  s u c h  t h a t * '
4
. S u . a-, . = 1 an d  b .  . e D (1  < i  < j  < 4 )  s u c h  t h a tl —X xx  x j
4
E b i j Di j  = i = i Ui a 2 i  ‘ S e t  X11 = U1 + b 12 a 12  + b 1 3 a 13 + b l 4 a l 4 '
X21  = u 2 “ b 1 2 a l l + b 2 3 a 1 3 + b 24a l 4 > X31  = u 3 "  b 1 3 a l l  ” b 2 3 a 12
+ t*24a i43  x 4 l  = u4 " b i 4 a l l  " b 24a 12 ” b 3 4 a l 3  * Then  
4  4
. 5;LXi l a l i  = 1 an d  jL?-j_x j [ i a 2 i  = S i m i l a r l y ,  t h e r e  e x i s t
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x 4 o e D ( i  = 1 , . . . , 4 )  s u c h  t h a t  . I L x .  0 a 0 . = 1 a n d
I d  1=1 I d  dX _
J 1 x i 2a l i  = ° -  . K  f o l l o w s  t h a t  ( a y )  ( X y )  = (p i j  •
C o n v e r s e l y ,  s u p p o s e  t h e r e  i s  a m a t r i x  S o v e r  D s u c h
t h a t  TS =
"1 0”
. L e t  ¥  = a 21  a 22  a 23 a 24 , w h e r e
_0 1_ “ a l l  “ a l 2  ~ a l 3  ” a l 4
T = ( a . . ) .  I f  ¥ '  d e n o t e s  t h e  t r a n s p o s e  o f  ¥ ,  t h e n  
¥ ' T  = ( y it]-) Where y ±1 = 0 ,  y ^ .  = - D ^ .  f o r  j  > i ,  an d  
y ^ j  = D j^  f o r  j < i .  S i n c e  ( ¥ ' T ) S  = ¥ ' ,  i t  f o l l o w s  t h a t  t h e  
2x2 s u b d e t e r m i n a n t s  o f  T g e n e r a t e  D a n d  T i s  p r i m i t i v e
Q.E . D .
The n e x t  t h e o r e m  e x t e n d s  T h e o re m  5*3 o f  [BE,  1 7 5 ] i 
w h i l e  t h e  p r o o f  i s  i n  p a r t  t h e  same ( t h e  a b o v e  lemma i s  
p a r t  o f  t h e  p r o o f  i n  [ B E ] ) ,  t h e r e  i s  a  p o i n t  o f  d i f f i c u l t y  
t o  o v e rc o m e  a n d  we i n c l u d e  t h e  e n t i r e  p r o o f  f o r  c o m p l e t e n e s s
T h eo rem  2 : L e t  f  = [ a , b , c ]  a n d  g  = [ a / , b / , c ' ]  b e
p r i m i t i v e  b i n a r y  q u a d r a t i c  f o r m s  o v e r  a d om ain  D 
( c h a r a c t e r i s t i c  n o t  2) w i t h  n o n s q u a r e  d i s c r i m i n a n t  d .  The 
f o l l o w i n g  a r e  e q u i v a l e n t .
1 )  T h e r e  e x i s t s  a d i r e c t  compound o f  f g  o v e r  D.
2) The D -m o d u le  M_M i s  g e n e r a t e d  b y  two e l e m e n t s
I g
a n d  b  s  b '  m o d (2 ) .
3 )  MfMg i s  a  f r e e  D -m o d u le  an d  b s  b '  m o d ( 2 ) .
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T =
4 )  Mx.M i s  a  f r e e  tw o  d i m e n s i o n a l  D -m o d u le  and  > f  g
b  = b '  m o d ( 2 ) ,
P r o o f ; 1)=> 2)  S u p p o s e  t h e r e  e x i s t s  a d i r e c t  compound h  
o f  f g  u n d e r  a  p r i m i t i v e  b i l i n e a r  t r a n s f o r m a t i o n
P0  P i  P 2 P 3 
JO ql  q2 q3.
S e t
a x = a / q 2 -  qQ( b ' + / d ) / 2 ,  d g = - a ^  + P 0 ( b / + / d ) / 2  .
The e l e m e n t s  i n  t h e  m a t r i x  [a^c tg ]  T a r e  t h e  g e n e r a t o r s  o f  
t h e  D -m o d u le  Mf M , a n d  c o n s e q u e n t l y  Mf Mg c  [a-j_,a2 ]D. S i n c e  
T i s  a  p r i m i t i v e  m a t r i x ,  t h e r e  e x i s t s  a  4 x 2  m a t r i x
V =
]_y0 y i  y 2  y 3J
o v e r  D s u c h  t h a t  TV = l j  * H ence  [ a 1°c2 ]TV = [ a ^ a g ]
an d  Mf Mg = [ a ^ a g l O -  F u r t h e r m o r e ,  b  = b '  m o d (2 )  b y  Lemma 
1 . 1 8 .
2)=> 3 )  S i n c e  d i s  n o n s q u a r e ,  i t  f o l l o w s  t h a t  t h e  
tw o  e l e m e n t s  a a '  a n d  a ( b '  + / d ) / 2  a r e  n o n z e r o  an d  
l i n e a r l y  i n d e p e n d e n t  o v e r  K, a n d  c o n s e q u e n t l y  l i n e a r l y  
i n d e p e n d e n t  o v e r  D. I t  f o l l o w s  t h e r e f o r e  t h a t  M^Mg i s  f r e e  
s i n c e  i t  i s  g e n e r a t e d  b y  tw o  e l e m e n t s .
3 ) = > 4 )  S i n c e  M.»*M c a n  be  g e n e r a t e d  b y  f o u r
1 S
e l e m e n t s ,  i t  f o l l o w s  t h a t  i t  h a s  a f i n i t e  b a s i s .  S i n c e  a
x 0 XX x 2 x3
53
s e t  o f  l i n e a r l y  i n d e p e n d e n t  e l e m e n t s  o f  i s  a
s e t  o f  l i n e a r l y  i n d e p e n d e n t  e l e m e n t s  o f  t h e  tw o  d i m e n s i o n a l  
v e c t o r  s p a c e  K ( / d )  o v e r  K, i t  f o l l o w s  t h a t  M^Mg m u s t  
h a v e  a "b as i s  o f  tw o  e l e m e n t s  ( r e c a l l  t h a t  M^Mg c o n t a i n s  
tw o  l i n e a r l y  i n d e p e n d e n t  e l e m e n t s ) .
4 ) - >  1)  S u p p o s e  a-^otg a r e  s u c h  t h a t  M^Mg = Dfa^otg]
w h e re  a n d  otg a r e  l i n e a r l y  i n d e p e n d e n t .  L e t
U = [ a a 7, a ( b 7 + . / d ) / 2 ,  a 7 ( b + / d ) / 2 ,  ( (b  + / d ) / 2 ) ( ( b 7+ / d ) / 2 )  ]
b e  t h e  1x4 m a t r i x  w hose  e n t r i e s  a r e  t h e  " n a t u r a l "  g e n e r a t o r s
o f  MJM o b t a i n e d  b y  m u l t i p l y i n g  an d  M a s
j* S  i  s
D - m o d u l e s .  T h e r e  e x i s t s  a  m a t r i x
T = P 0  Px P 2 P 3 
*0  *1 *2  q3
w i t h  e n t r i e s  i n  D s u c h  t h a t  U = [a-^ag] T . L e t  W d e n o t e
t h e  t r a n s p o s e  o f  [ X ^ g  x i y 2 Y1X2 Y1Y2  ^ an<i Y^
t r a n s p o s e  o f  TW. Then  [ a ^  a.g] [X Y] 7 = UW an d  t h e r e f o r e ^
(aX-L + ( b + / d ) / 2  Y]_) ( a 7X2 + ( b 7 + / d ) / 2  Yg) = a-,X + a 2Y. T a k i n g
-  2 -  2n o rm s  we h a v e  a f * a 7g = a ^ X  + ( a ^ a g  + a 1a 2 )X Y + a 2 a 2 Y ,
an d  t h e  f o r m  h  = [ a - j a ^ / a a 7,  (a^oig + d 1a 2 ')/sisi/ , a 2a 2/ a a 7] i s  
t r a n s f o r m e d  i n t o  f g  u n d e r  T .  I t  i s  c l e a r  t h a t  h  h a s  
c o e f f i c i e n t s  i n  K, t h e  q u o t i e n t  f i e l d  o f  D; and  we c l a i m  
t h a t  h  h a s  c o e f f i c i e n t s  i n  D. I t  i s  c l e a r  t h a t  a a 7h 
h a s  c o e f f i c i e n t s  i n  [ a - ^ o t g ] [ a - ^ a g ]  D = Mf Mf MgMg. U s i n g  t h e  
f a c t  t h a t  ( a , b , c )  = D a n d  ( a 7, b 7, c 7) = D, we h a v e
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M*.M~ = a [ l ,  ( b + / d ) / 2 ] D  a n d  M M = a ' [  l ,(b  '  + / d ) / 2 ] D .I I  g g
H ence  h h a s  c o e f f i c i e n t s  i n  t h e  D -m o d u le  
MM' = [ l * ( b  + / d ) / 2 ] [ 1 ,  ( h '  + / d ) / 2 ] D . S i n c e  1 , / d  a r e  
l i n e a r l y  i n d e p e n d e n t  o v e r  K, i f  r  e MM' fl K, t h e n  t h e r e
e x i s t  U jV jX ^y e D s u c h  t h a t
( 1 ) r  = x + y ( h / 2 ) + u ( b ' / 2 ) + v ( b b ' + d ) / 4  an d
( 2 ) 0 = y + u  + v ( b + b ' ) / 4 .
S o l v i n g  f o r  y  i n  ( 2 )  a n d  s u b s t i t u t i n g  i n t o  ( 1 )  we o b t a i n
( 3 ) r  = x + u ( b ' - b ) / 2  + v a c .
S i n c e  b  s  b '  m o d (2)  i n  D, i t  f o l l o w s  t h a t  r  e D and  
c o n s e q u e n t l y  t h e  f o r m  h  h a s  c o e f f i c i e n t s  i n  D a s  a s s e r t e d  
L e t  V b e  t h e  m a t r i x  o v e r  D s u c h  t h a t  = UV* S i n c e
a n a n d  a 0 a r e  l i n e a r l y  i n d e p e n d e n t  o v e r  D and
p  ° t
U = [ajCXglT^ i t  f o l l o w s  t h a t  TV = a n d  T i s  p r i m i t i v e
T h e r e f o r e j  h  i s  a  compound o f  f g  an d  t h e r e  e x i s t  u n i t s
r l*  r 2 D s u c h " tha t  r i  = + r 2 anc* 4 h e  c o n d i t i o n s  o f
P r o p o s i t i o n  1 . 1  a r e  s a t i s f i e d .  S i n c e  d i s  n o n s q u a r e  i n  D, 
a =|= 0 an d  on e  o f  P0 *q0 i s  n o t  z e r o  -  s a y  qQ }= 0 .  Now
a a '  = a i P Q + a n d  a  ( b '  + / d ) / 2  = a - jP j  + a^q-^ a n d
s o l v i n g  f o r  g i v e s  = a 'q -^  -  qQ( b / + / d ) / 2 .
S i m i l a r l y ,  -  a q 2 _ + / d ) / 2  an d  i t  f o l l o w s  t h a t
r.^ = r 2 , s i n c e  r ^  = - r 2 i m p l i e s  qQ/ d = R e p l a c i n g  a 2 
b y  i’1a 2 a n d  13 = f a l , l 3l , c l ^  h l  = t ai> rqb-j^, r ^  c-jJ * and
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w i t h  q ±/ r i  ( i  = 0 , 1 , 2 , 3 )* i t  f o l l o w s  t h a t  h^  i s  a 
d i r e c t  compound o f  f g .
T h e o re m  3 : I f  D i s  an  F - d o m a i n  an d  f , g  e 0 ( d )  a r e  s u c h
t h a t  t h e i r  m i d d l e  c o e f f i c i e n t s  a r e  c o n g r u e n t  mod ( 2 ) i n
D , t h e n  t h e r e  e x i s t  u n i t e d  f o r m s  f ' , g 7 w i t h  f ' ~ f  and  
g '  ~  g -
P r o o f : Same a s  t h a t  o f  T h e o rem  3 - 3  i n  [BE,  1 6 2 ] .
T h eo rem  4 : L e t  D b e  a  dom ain  s u c h  t h a t  f i n i t e l y  g e n e r a t e d
p r o j e c t i v e  D - m o d u le s  a r e  f r e e ,  a n d  l e t  f , g  e 0 ( d )  b e  s u c h
t h a t  t h e i r  m i d d l e  c o e f f i c i e n t s  a r e  c o n g r u e n t  mod (2 )  i n  D.
Then t h e r e  e x i s t s  a d i r e c t  compound o f  f g  o v e r  D.
P r o o f : S u p p o s e  f  = [ a , b , c ]  a n d  g = [ a ' , t > / ^ c / ] a r e  two
p r i m i t i v e  f o r m s  o v e r  D w i t h  n o n s q u a r e  d i s c r i m i n a n t  d .  S i n c e  
( a , b , c )  = D, i t  f o l l o w s  t h a t  ( a , b , c ) D M = when c o n s i d e r e d  
a s  an i d e a l  i n  t h e  q u o t i e n t  r i n g  D^, w h e r e  M i s  a 
m a x im a l  i d e a l  o f  D [ 2 5 1 ,  219]> a n d  h e n c e  [ a , b , c ]  i s  a 
p r i m i t i v e  f o r m  o v e r  D^. L i k e w i s e ,  [ a ' j b ' j c ' ]  i s  a 
p r i m i t i v e  f o r m  o v e r  D^.  Now f  i s  a s s o c i a t e d  w i t h  t h e  
D -m o d u le  D [ a , ( b  + / d ) / 2 ]  an d  g  w i t h  t h e  D -m o d u le  
D [ a ' , ( b '  + / d ) / 2 ] .
I t  f o l l o w s  t h a t  Dj^fa, (b + / d ) / 2 ]  i s  t h e  D ^ -m o d u le  
a s s o c i a t e d  w i t h  t h e  f o r m  [ a , b , c ]  o v e r  DM a n d  a l s o  t h a t  
DM[ a , ( b  + / d ) / 2 ]  i s  D^ • D [ a , ( b  + / d ) / 2 ] . F u r t h e r m o r e
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DM( D [ a ,  (b  + / d ) / 2 ]  • D [ a ' , ( b '  + / d ) / 2 ] )  =
D ^ [ a ,  (b + / d ) / 2 ]  •DM[ a / , ( b / + / d ) / 2 ] .  S i n c e  DM i s  an 
F - d o m a i n  an d  b  s  b 'm o d  ( 2 ) ,  i t  f o l l o w s  b y  T h e o re m  3 t h a t  
t h e r e  e x i s t s  a d i r e c t  compound o f  [ a , b , c ]  a n d  [ a ' , b ' , c ' ]  
o v e r  D^.  Hence  b y  T h e o re m  2 ,  D^[ a ,  ( b + / ’d ) / 2 ] * D ^ [ a /, ( b ' + / d / 2 ]  
i s  a  f r e e  tw o  d i m e n s i o n a l  m o d u le  a n d  h e n c e  ^ ( M f M  ) i s  a 
tw o  d i m e n s i o n a l  f r e e  m o d u le  f o r  a l l  m a x im a l  i d e a l s  o f  D. 
T h e r e f o r e . ,  JVUM i s  a  f i n i t e l y  g e n e r a t e d  p r o j e c t i v e  D -m oduleX g
[ B l ,  l 4 l ]  . T h e r e f o r e  M.p*M_ i s  a  f r e e  D -m o d u le  b yx g
h y p o t h e s i s  a n d ,  b y  T h e o re m  2 ,  t h e r e  e x i s t s  a d i r e c t  compound 
o f  f «g .
C o r o l l a r y  5 ; I f  D i s  a  d o m ain  s u c h  t h a t  f i n i t e l y  g e n e r a t e d  
p r o j e c t i v e  D - m o d u le s  a r e  f r e e ,  a n d  s u c h  t h a t  f o r  e a c h  
m a x i m a l  i d e a l  M o f  D t h e  q u o t i e n t  r i n g  D^ i s  a G -d o m a in ,  
t h e n  D i s  a  G - d o m a in .
P r o o f : C l e a r  f r o m  t h e  p r o o f  o f  T h e o re m  4 a n d  t h e  f a c t  t h a t
(b  -  b ' ) / 2  e D i f  (b  -  b ' ) / 2  e D^ f o r  e a c h  m a x i m a l  i d e a l  M 
o f  D [N,  2 3 ] .
C o r o l l a r y  6 : I f  D i s  a  P ID ,  t h e n  D [x ]  h a s  p r o p e r t y  G. ( I n
p a r t i c u l a r  Z [x ]  i s  a  G - d o m a i n ) .
P r o o f :  By S e s h a d r i ' s  t h e o r e m  [S E S ,  4 5 6 - 4 5 7 ] ,  i f  M i s  a
f i n i t e l y  g e n e r a t e d  p r o j e c t i v e  D [ x ] - m o d u l e  f o r  D a PID ,  t h e n  
M i s  f r e e .
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S i n c e  D i s  a P ID ,  i t  f o l l o w s  t h a t  D i s  i n t e g r a l l y  
c l o s e d  a n d  h e n c e  D [x ]  a n d  D [ x ] p  a r e  i n t e g r a l l y  c l o s e d  f o r  
P a  p r i m e  i d e a l  o f  D [x ]  [Z S 1 ,  2 6 l ] ,  T h e r e f o r e ,  D [ x ] ^  
i s  an  F - d o m a i n  w i t h  p r o p e r t y  C an d  h e n c e  a  ^- -dom ain  b y  
T h e o re m  3* T h e r e f o r e ,  D [ x ] ^  i s  a G -dom ain  f o r  e v e r y  
m a x im a l  i d e a l  M i n  D a n d  D [x ]  i s  a  G -d o m ain  b y  C o r o l l a r y
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Remark:  A l t h o u g h  D [ x ]  i s  a  G-dom ain  f o r  D a P ID ,  we h a v e
b e e n  u n a b l e  t o  show w h e t h e r  o r  n o t  D [x ]  i s  a ^ - d o m a i n  ( e v e n  
i n  t h e  c a s e  D = Z ) .
D e f i n i t i o n ; L e t  D b e  a  l o c a l  dom ain  o f  d i m e n s i o n  1 w i t h  
m a x im a l  i d e a l  m. L e t  D b e  t h e  i n t e g r a l  c l o s u r e  o f  D i n  
K, t h e  q u o t i e n t  f i e l d  o f  D, a n d  l e t  n b e  t h e  J a c o b s o n  
r a d i c a l  o f  D. Then  D i s  s a i d  t o  b e  a w eak  ( d i s c r e t e )  
v a l u a t i o n  r i n g  i f  we h a v e  m = n i n  t h e  s e t - t h e o r e t i c a l  s e n s e .
D e f i n i t i o n ; A N o e t h e r i a n  d om ain  D i s  s a i d  t o  b e  a w e a k l y  
n o r m a l  r i n g  p r o v i d e d
1) F o r  a n y  p r i m e  i d e a l  P o f  h e i g h t  1 i n  D, Dp i s  a weak  
v a l u a t i o n  r i n g .
2) Any p r i n c i p a l  i d e a l  (=|=0) h a s  t h e  p r o p e r t y  t h a t  i t s  p r i m e  
d i v i s o r s  h a v e  h e i g h t  1 i n  D.
The  a b o v e  d e f i n i t i o n s  a r e  f r o m  [EN, 3 ^ 1 ]  a n d  [ N] 
g i v e s  t e r m s  n o t  d e f i n e d  a b o v e .
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P r o p o s i t i o n  7 : I f  D i s  a  s e m i - l o c a l ,  w e a k l y  n o r m a l  r i n g
o f  d i m e n s i o n  1 ,  t h e n  D [ x , y ] ,  w h e re  x a n d  y  a r e  
I n d e t e r m i n a n t s  o v e r  D, h a s  t h e  p r o p e r t y  t h a t  f i n i t e l y  
g e n e r a t e d  p r o j e c t i v e  m o d u l e s  a r e  f r e e .  ( I n  p a r t i c u l a r ,  i f  
D , . . . , D  a r e  r a n k  1 ,  d i s c r e t e  v a l u a t i o n  r i n g s  w i t h  a
v  -i VI n  £
common q u o t i e n t  f i e l d ,  t h e n  D = . H D  s a t i s f i e s  t h e  a b o v e
i = l
h y p o t h e s i s ) .
P r o o f : S e e  [EN, 3 5 1 - 3 5 2 ] .
C o r o l l a r y  8 : I f  D i s  a  s e m i - l o c a l ,  w e a k l y  n o r m a l  r i n g  o f
d i m e n s i o n  1 ,  t h e n  D [ x , y ] ,  w h e r e  x a n d  y  a r e  
i n d e t e r m i n a n t s  o v e r  D, h a s  t h e  p r o p e r t y  t h a t  a  d i r e c t
compound e x i s t s  f o r  a n y  tw o  p r i m i t i v e  f o r m s  w hose  m i d d l e
c o e f f i c i e n t s  a r e  c o n g r u e n t  mod ( 2 ) .
P r o o f : E a s y ,  u s i n g  P r o p o s i t i o n  7 » T h e o rem  4 ,  a n d  t h e  p r o o f
o f  C o r o l l a r y  6 .
C o r o l l a r y  9 : I f  D I s  t h e  i n t e r s e c t i o n  o f  a f i n i t e  n u m b e r
o f  r a n k  1 , d i s c r e t e  v a l u a t i o n  r i n g s  h a v i n g  a  common q u o t i e n t  
f i e l d ,  t h e n  D [ x , y ]  i s  a  G -d o m ain  w h e r e  x  a n d  y  a r e  
i n d e t e r m i n a n t s .  ( I n  p a r t i c u l a r ,  i f  p 1 , . . , , p n a r e  p r i m e s  i n  
Z an d  i f  S = Z\ (p-^, . . **Pn ) > t h e n  Zg [ x , y ]  i s  a  G - d o m a i n ) .
P r o o f . : I m m e d i a t e  f r o m  C o r o l l a r y  8 . I t  s h o u l d  b e  n o t e d
t h a t  D i s  a  PID a n d  t h a t  Z„ = , n _ Z , _  x ( s e e  [N ,  3 7 - 3 8 ] ) .
1=1
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T h e o re m  1 0 : I f  D i s  a  d o m a in ,  t h e n  a n e c e s s a r y  and
s u f f i c i e n t  c o n d i t i o n  f o r  D t o  b e  an P - d o m a in  i s  t h a t  
Dg b e  an F - d o m a i n  w h e re  S i s  a m u l t i p l i c a t i v e  s y s t e m  o f  
D c o n t a i n i n g  a u n i t ,
P r o o f :  I t  f o l l o w s  e a s i l y  f r o m  t h e  e l e m e n t a r y  p r o p e r t i e s  o f
q u o t i e n t  r i n g s  t h a t  p^ i s  an  F - d o m a i n  when D i s .  ( [Z S 1 ,  
2 1 8 - 2 3 3 ] p r o v i d e s  a t r e a t m e n t  o f  q u o t i e n t  r i n g s ) .
S u p p o s e  t h a t  Dg i s  an  F - d o m a i n  f o r  e a c h  q u o t i e n t
r i n g  Dg s u c h  t h a t  Dg > D. F o r  e a c h  n o n z e r o  x  i n  D
d e n o t e  b y  F t h e  f a m i l y  o f  m a x i m a l  i d e a l s  i n  D c o n t a i n i n g
x an d  b y  F'  t h e  f a m i l y  o f  m a x i m a l  i d e a l s  o f  D w h i c h  doX
n o t  c o n t a i n  x ,  a n d  d e n o t e  t h e  J a c o b s o n  r a d i c a l  o f  D b y  
J ( D ) .
I f  e v e r y  n o n u n i t  o f  D i s  i n  J ( D ) ,  t h e n  J ( D )  i s  
t h e  u n i q u e  m a x im a l  i d e a l  o f  D a n d  D i s  an F - d o m a i n .
L e t  x  be  a n o n u n i t  o f  D s u c h  t h a t  x ^ J ( D ) .  Then 
t h e r e  i s  a m a x im a l  i d e a l  M s u c h  t h a t  x  M, a n d  h e n c e
t h e r e  i s  m € M s u c h  t h a t  ( x ,m )  = D. I f
S = (mn | n = 0 , 1 ,  2 ,  . . . } ,  t h e n  Dg > D an d  M'Dg =}= Dg f o r  
M' e F , H ence  F i s  f i n i t e .  C o n s e q u e n t l y ,  i f  J ( D ) = ( 0 ) ,X A
t h e n  D i s  an  F - d o m a i n .  S u p p o s e  y  e J(D) w i t h  y  0 ,  an d
l e t  S '  = fxn | n = 0 , 1 ,  2 ,  . . . ] . Now D , > D, M "  D _ , =|= D_,  f o r
S S o
M" e F ' , y  e M" f o r  M" e f '  , s o  t h a t  f / ,  i s  f i n i t e .X X X
T h u s  i f  J (D )  f  ( 0 ) ,  t h e r e  a r e  o n l y  a  f i n i t e  n u m b e r  o f
60
m a x i m a l  i d e a l s  i n  D, a n d  D i s  an  F - d o m a i n .
R e m a r k : I n  t h e  p r o o f  o f  t h e  c o n v e r s e  o f  T h e o re m  10, we o n l y  
n e e d  t o  know t h a t  Dg i s  an F - d o m a i n  f o r  m u l t i p l i c a t i v e  
s y s t e m s  S o f  t h e  f o r m  S = fxn | n = 0,1, . . .} w h e r e  x =j= 0 
i s  a n o n u n i t  o f  D.
The f o l l o w i n g  a r e  some e x a m p l e s  o f  F - d o m a i n s :  P I D ' s  
D e d e k i n d  d o m a i n s ,  v a l u a t i o n  r i n g s ,  t h e  i n t e r s e c t i o n  o f  a 
f i n i t e  n u m b e r  o f  v a l u a t i o n  r i n g s  w i t h  a  common q u o t i e n t  f i e l d ,  
K [ x , y ] / ( y 2 -  f 2 ( x ) g ( x ) ) w h ere  K i s  a f i e l d  (2 0) w i t h  f
a n d  g  n o n c o n s t a n t  p o l y n o m i a l s  i n  K [x]  c  K [ x , y ]  w i t h  g  
s q u a r e  f r e e ,  a n y  q u a s i - s e m i - l o c a l  d o m a in ,  a n y  N o e t h e r i a n  
d o m ain  t h a t  i s  one  d i m e n s i o n a l ,  a n y  q u o t i e n t  o v e r r i n g  o f  an  
F - d o m a i n  ( s e e  a b o v e ) ,  N a g a t a ' s  e x a m p le  o f  a  N o e t h e r i a n  dom ain  
w hose  h e i g h t  i s  i n f i n i t e  [N, 203], an d  D [ [ x ] ]  w h e r e  D i s
l o c a l  o r  s e m i - l o c a l .
D e f i n i t i o n : I f  A i s  an  i d e a l  o f  a r i n g  R, t h e n  l e t  J ( A )
d e n o t e  t h e  i n t e r s e c t i o n  o f  t h e  m a x im a l  i d e a l s  c o n t a i n i n g  A 
a n d  l e t  J  = f i d e a l s  A o f  R | j ( A )  = A } . A r i n g  R i s  
J - N o e t h e r i a n  p r o v i d e d  t h e  i d e a l s  o f  J  s a t i s f y  t h e  a s c e n d i n g  
c h a i n  c o n d i t i o n  ( d e n o t e d  a c c ) . A p r i m e  i d e a l  P i n  J  w h i c h
c o n t a i n s  an i d e a l  A o f  R i s  c a l l e d  a J - c o m p o n e n t  o f  A i f  P i s
m i n i m a l  among t h e  p r i m e s  o f  J  c o n t a i n i n g  A.
I f  R i s  J - N o e t h e r i a n ,  t h e n  e v e r y  i d e a l  o f  R h a s  
o n l y  f i n i t e l y  many J - c o m p o n e n t s . (S e e  [E0, 3^] f o r  d e t a i l s
61
a n d  r e f e r e n c e s ) .
P r o p o s i t i o n  1 1 : I f  D i s  a  o n e - d i m e n s i o n a l  d o m a in ,  t h e n  a
n e c e s s a r y  an d  s u f f i c i e n t  c o n d i t i o n  f o r  D t o  b e  J - N o e t h e r i a n  
i s  t h a t  e v e r y  n o n z e r o  i d e a l  o f  D be  c o n t a i n e d  i n  a t  m o s t  
a f i n i t e  n u m b er  o f  m a x i m a l  i d e a l s .
P r o o f : S u p p o s e  D i s  J - N o e t h e r i a n .  Then a  n o n z e r o  i d e a l  A
i s  c o n t a i n e d  i n  o n l y  f i n i t e l y  many J - c o m p o n e n t s  a n d  s i n c e  D 
i s  o n e - d i m e n s i o n a l ,  t h e  J - c o m p o n e n t s  o f  A a r e  t h e  m a x im a l  
i d e a l s  c o n t a i n i n g  A.
S u p p o s e  e a c h  n o n z e r o  i d e a l  o f  D i s  c o n t a i n e d  i n  
o n l y  a f i n i t e  n u m b e r  o f  m a x im a l  i d e a l s .  Then  A e J  i f  a n d
o n l y  i f  A = (0 )  o r  A i s  a f i n i t e  i n t e r s e c t i o n  o f  m a x im a l
i d e a l s .  Hence D i s  J - N o e t h e r i a n .
C o r o l l a r y  1 2 : I f  D i s  a  1 - d i m .  d o m a in ,  t h e n  D i s
J - N o e t h e r i a n  i f  a n d  o n l y  i f  D i s  an  F - d o m a i n .
P r o o f : (=>) C l e a r  f r o m  P r o p o s i t i o n  1 1 .
(<=) I f  A e J  a n d  A ]= ( 0 ) ,  t h e n  t h e r e  e x i s t s  
0 a  e A an d  a i s  c o n t a i n e d  i n  a t  m o s t  a f i n i t e  n u m b er
o f  m a x im a l  i d e a l s  a n d  h e n c e  so  i s  A.
R e m a r k : The e x a m p le  i n  [BE,  1 7 7 ]  i s  2 - d i m .  an d  J - N o e t h e r i a n ,
b u t  i s  n o t  an F - d o m a i n .
T h e o re m  13:  L e t  D [x ]  b e  a G -dom ain  an d  c o n s i d e r  t h e  s e t
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C ( d ( x ) )  o f  c l a s s e s  o f  p r i m i t i v e  b i n a r y  q u a d r a t i c  f o r m s  o v e r  
D [x ]  w i t h  n o n s q u a r e  d i s c r i m i n a n t  d ( x )  e D [x]  a n d  l e t  
C ( d ( 0 ) )  d e n o t e  t h e  c o l l e c t i o n  o f  c l a s s e s  o f  f o r m s  o v e r  D 
w i t h  d i s c r i m i n a n t  d ( 0 )  . D e f i n e  c p :C ( d ( x ) )  -♦ C ( a ( 0 ) )  a s  
f o l l o w s :  I f  f ( x )  = [ a ( x ) , b ( x ) , c ( x ) ] i s  a  f o r m  i n  a c l a s s
f ( x )  i n  C ( d ( x ) ) ,  t h e n  c p ( f ( x ) )  = [ a ( 0 ) , b ( 0 ) , c ( 0 ) ] .  Then 
cp i s  a  hom om orph ism  f r o m  C ( d ( x ) )  i n t o  C ( d ( 0 ) ) .
P r o o f : I f  h ( x )  a n d  g ( x )  a r e  two f o r m s  o v e r  D [x ]  a n d  a r e
e l e m e n t s  o f  6> ( d ( x ) )  a n d  h ( x )  ~  g ( x ) j  t h e n  t h e r e  e x i s t s  a
[r  f x ) u  (x T"' ' ; ' f r o m  h ( x )s ( x )  v(x)_
t o  g ( x )  . I t  f o l l o w s  t h a t  T ( 0 )  =
F ( 0 )  u (0)
i s  a
( 0 ) v ( 0 )_
t r a n s f o r m a t i o n  f r o m  h ( 0 )  t o  g ( 0 ) . F u r t h e r m o r e  | t (x ) |  = 1 
i m p l i e s  | T ( 0 ) | = 1 .  I f  h ( x ) j  f ( x ) ,  g ( x )  a r e  t h r e e  f o r m s  
o v e r  D [x ]  o f  d i s c r i m i n a n t  d ( x )  a n d  i f
T ( x )  =
p 0 ( x )  p 1 (x )  p 2 (x )  p 3 (x )  
q 0 (x )  q x (x )  q 2 (x )  q3 (x)_
i s  a  b i l i n e a r  t r a n s f o r m a t i o n  f r o m  h ( x )  i n t o  f ( x ) g ( x )
t h e n  T ( 0 )  =
P 0 ( 0 )  P]_ (0 )  P 2 ( ° )  p 2 (®)
q0 ( ° )  q i ( ° )  q2 ( ° )  q3 ^° L
i s  a b i l i n e a r  t r a n s f o r m a t i o n  f r o m  h ( 0 ) i n t o  f ( 0 ) g ( 0 )
Q . E . D .
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I n  [ D l , 1 3 4 - 1 4 0 ]  a n d  [ B E , I 6 O - I 6 7 ] , one  o f  t h e  b a s i c  
r e s u l t s  u s e d  i n  c r e a t i n g  u n i t e d  f o r m s  i s  t h a t  a f o r m  c an  
r e p r e s e n t  p r i m i t i v e l y  an e l e m e n t  r e l a t i v e l y  p r i m e  t o  a  g i v e n  
e l e m e n t .  We s t a t e  t h i s  r e s u l t  e x p l i c i t l y  b e l o w  an d  show t h e
r e s u l t  i s  f a l s e  f o r  t h e  dom ain  Z [ x ] .
E x a m p le  1 : The dom ain  Z [ x ]  d o e s  n o t  h a v e  t h e  f o l l o w i n g
p r o p e r t y .  I f  f  = [ a , b , c ]  i s  a fo rm  o v e r  D, E an  i d e a l
o f  D, ( a , b , c )  =J= ( 0 ) ,  E 4  ( 0 ) ,  an d  ( a , b , c )  + E = D, t h e n
2 2t h e r e  e x i s t s  r , s  e D s u c h  t h a t  ( a r  + b r s  + c s  ) + E = D .
( S e e  [BE, 1 5 7 ] ) -
L e t  h  = [ 7 ,  2 x ,  10 ( x 2 +  1 )  ] b e  a  f o r m  o v e r  D. The 
d i s c r i m i n a n t  o f  h i s  4 ( - 6 9 x 2 -  7 0 ) .  The f o r m  h  i s  
p r i m i t i v e  s i n c e  - 7*7  + ( - 25x )  2x + 5 (1 0  • ( x 2+ l ) ) =
_ 4 9 - 5 0 x 2 + 50x 2 + 50 = 1 .  The p o l y n o m i a l
f ( y )  = y 2 -  ( 2 x ) y  + 7 0 ( x ^  + 1)  i n  ( Z [ x ] [ y ]  i s  i r r e d u c i b l e  by  
E i s e n s t e i n ' s  c r i t e r i a n  s i n c e  2 t l , 2 | 2 x , 2 | 7 0 ( x 2+ l ) , 4 + 7 0 ( x 2+ l )  
[ V , 2 5 0 ] .  T h e r e  do n o t  e x i s t  c , d  e Z [ x ]  s u c h  t h a t
( 7 c 2+ 2 x o d  + 1 0 ( x 2- t- l )d2 ) + (x )  = Z [x ]  b y  t h e  f o l l o w i n g
a r g u m e n t .  S u p p o se  t h e r e  e x i s t  c , d , e , f  e Z [x ]  s u c h  t h a t
O  O  O  ^ p
7 [ 7 c + 2x c d  + 10 (x + 1 ) d ] + ex  = 1 w h e r e  c = c  + c nx + . .  ,+c  x  , l o ± n„n ^  c
d = d + d nx + . . . + d ^ x  , e t c . Then o 1 n d
f Q( 7 e f  + = 4 an d  h e n c e  f Q = 1 a n d  7 e 2 = 1 0 d 2 = 1 s i n c e
7 e ^  + 1 0 d 2 > 0 .  We n e e d  o n l y  show t h a t  7m2 + 1 0 n 2 =}= 1 f o r  
m ,n  € Z, b u t  t h a t  i s  c l e a r .
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I t  s h o u l d  h e  n o t e d  t h a t  t h e  a b o v e  p r o p e r t y  h o l d s  
w h e n e v e r  E i s  c o n t a i n e d  i n  a t  m o s t  a  f i n i t e  n u m b e r  o f  
m a x im a l  i d e a l s  r e g a r d l e s s  o f  t h e  dom ain  ( s e e  p r o o f  i n  
[BE,  1 5 7 ] ) .
E x a m p le  2 : T h e r e  e x i s t s  a f o r m  i n  Z [x ]  whose  f o r m  o f
c o n s t a n t  t e r m s  r e p r e s e n t s  1 ,  b u t  i t  d o e s  n o t .  T h i s  shows 
t h e r e  e x i s t s  more, e q u i v a l e n c e  c l a s s e s  o f  f o r m s  o f  a c e r t a i n  
d i s c r i m i n a n t  i n  Z [x ]  t h a n  i n  Z.
L e t  h  = [ x , 2 ( x 2- l ) ,  3 ( x + 1 ) ] .  Then  h  i s  p r i m i t i v e  
s i n c e  ( - 2 x - 3 ) x  + l * ( 2 ( x 2- l ) )  + l * ( 3 * ( x  + l ) )  = 1 .  A l s o ,  we 
h a v e  f ( y )  = y 2 -  2 ( x - l ) ( x + l ) y  + 3x ( x + l )  i s  i r r e d u c i b l e  i n  
( Z [ x ] ) [ y ]  b y  E i s e n s t e i n ' s  c r i t e r i a n  [ V , 2 5 O] . The f o r m  o f
t h e  c o n s t a n t  t e r m s  i s  [ 0 , - 2 , 3 ]* i s  p r i m i t i v e ,  an d  r e p r e s e n t s
2 21 s i n c e  1 = 0*1  - 2 *1*1  + 3*1 I h o w e v e r  i t s  d i s c r i m i n a n t  i s
a s q u a r e .  On t h e  o t h e r h a n d  h  d o e s  n o t  r e p r e s e n t  1 b y  t h e
f o l l o w i n g  a r g u m e n t .  S u p p o s e  t h e r e  e x i s t  c , d  e Z [ x ]  s u c h
t h a t  x c 2 + 2 ( x 2 - l ) c d  4- 3 ( x  + l ) d 2 = 1 .  Now
- 2 c Qd0 + 3 d 2 = 1 i m p l i e s  ( ~ 2 c 0 + 3 d Q) d o = 1 w h i c h  i m p l i e s
d = + 1 an d  c = - d  . On t h e  o t h e r h a n d ,  o — o o
c 2 -  2 ( 2c o d Q) + 3 ( 2dc d 1 ) + 3 d 2 = 0 5 1 + 4 + 6 (+d1 ) + 3 = 0 ;
+ 6 d 1 = 8 . I f  d]  ^ 0 ,  t h e n  3|  8 w h i c h  i s  i m p o s s i b l e .  I f
d^ = 0 ,  t h e n  8 = 0  w h i c h  i s  a l s o  i m p o s s i b l e .  T h e r e f o r e ,  
h  d o e s  n o t  r e p r e s e n t  1 .
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